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Abstract. A concise, complete proof of resolution of singularities of 3-folds in 
positive characteristic > 5 is given. Abhyankar first proved this theorem in 1966. 

1. Introduction 

The purpose of this paper is to give a complete proof of resolution of singularities 
of 3-folds in positive characteristic which is concise. The paper is essentially self 
contained, and includes proofs of resolution of singularities of curves and surfaces in 
positive characteristic. 

Resolution of singularities of algebraic varieties over fields of characteristic zero 
was solved in all dimensions in a very complete form by Hironaka [HI] in 1964. 

Resolution of singularities of varieties over fields of positive characteristic is sig- 
nificantly harder. One explanation for this is the lack of "hypersurfaces of maximal 
contact" in positive characteristic, which is the main technique used in characteris- 
tic zero proofs to reduce to a lower dimension ("Maximal contact and approximate 
manifolds" of this introduction and Sections 6.2 and 7.4 [C2j ). 

There are several proofs of resolution of singularities of surfaces in positive char- 
acteristic. The first one is by Abhyankar |Ablj which appeared in 1955. There are 
later proofs by Hironaka, outlined in his notes |H2j , and by Lipman [L2| for excellent 
surfaces. 

Abhyankar proved resolution of singularities of positive characterisitic 3-folds in 
1966. The proof appears in his book [Ab7| and the papers [Ab5) . [Ab6| . |Ab8j and 
|Ab9| . The entire proof is extremely long and difficult. It encompasses 508 pages. 

Within the last few years there has been a resurgence of interest in resolution in 
positive characteristic. Some papers making progress on resolution in positive charac- 
teristic are Cossart [Colj , |Co2j , |Co3| , |Co4] , Giraud [G] , Hauser [Haul| , de Jong [Jo] , 
Hironaka |H9j . Kawanoue [Kaj . Kawanoue and Matsuki |KMj . Kuhlmann [Ku], Moh 
[M] , Piltant [P] , Spivakovsky [S] and Teissier [Tj . Several simplifications of Hironaka's 
proof of characteristic zero resolution have appeared, making the proof quite acces- 
sible now, including Abramovich and de Jong [AJo] . Bierstone and Milman [BrMj . 
Bogomolov and Pantev [BPj . Bravo, Encinas and Villamayor |BEV| . Encinas and 
Hauser |EH| . Encinas and Villamayor |EV| . Hauser |Hau2j . KoUar Ko , Villamayor 
[V], Wlodarczyk [W]. 

Most recently, Cossart and Piltant |CP1| . [CP2] have proved resolution of singu- 
larities for a 3-fold over an arbitrary field. The proof is extremely long and difficult. 

We give a self contained and concise proof of the following theorem in this paper. 

Theorem 1.1. Suppose that V is a projective variety of dimension 3 over an alge- 
braically closed field k of characteristic 7^ 2,3 or 5. Then there exists a nonsingular 
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projective variety W and a birational morphism 4> :W , which is an isomorphism 
above the nonsingular locus of V. 

The restrictions on the field k in the statement of Theorem 11.11 are those of Ab- 
hyankar's original statement. 

It is our hope that this paper will motivate study of the fundamental open problems 
in resolution. Our proof could have been written in 1967, as it only makes use of 
methods known at that time. 

Essential ingredients in the proof are the following theorems on embedded resolu- 
tion of surface singularities. 

Theorem 1.2. (Embedded resolution of surface singularities) Suppose that V is a 
nonsingular 3- dimensional variety over an algebraically closed field S is a reduced 
surface (a pure 2-dimensional reduced closed subscheme) in V and E is a simple 
normal crossings divisor on V . Then there exists a sequence of blow ups 

TT-.Vn-^ Vn-1 ^ 

such that the strict transform Sn of S onVn is nonsingular, and the divisor tt* (S + E) 
is a simple normal crossings divisor on Sn- Further, each Vi Vi-i is the blow up 
of a point or nonsingular curve in the locus in Vi-i where the preimage of S + E is 
not a simple normal crossings divisor. 

An effective divisor is a simple normal crossings divisor if its components are non- 
singular and intersect transversely (Section!?]). The morphisms Vi Vi^i of Theorem 
11.21 are required to be permissible (Definition [53]). In particular, the centers blown 
up are required to be transversal to the preimage of E. 

Theorem 1.3. (Principalization of ideals) Suppose that V is a nonsingular 3 dimen- 
sional variety over an algebraically closed field k and X C Oy is a nonzero ideal sheaf 
on V . Then there exists a sequence of blow ups 

Vn ^ F„-l -> >V 

such that TOv„ is locally principal. Further, each Vi —^ Vi-i is the blow up of a point 
or nonsingular curve in the locus in Vi-i where TOy^_^ is not invertible. 

Theorems 11.21 and 11.31 were first proven by Abhyankar in the book |Ab7| , relying 
on material proven in [Ab5] . [Ab6] . [Ab8] and [Ab9) . This is the most difficuh part 
of Abhyankar's proof. 

We give self contained proofs of these theorems in Sections [5] - [TTJ The algorithm 
that we follow for resolution is essentially that of Levi jLe] to resolve the singularities 
of a two dimensional hypersurface, embedded in a nonsingular 3-fold. This method 
was given a completely rigourous proof in characteristic zero by Zariski in [Z4j . The 
algorithm will be discussed at greater length in Section [2] on resolution of surfaces. 
The first part of this algorithm extends without much trouble to positive character- 
istic. Hironaka constructs in [H2j an invariant and outlines a proof that in arbitrary 
characteristic, the invariant drops under the resolution algorithm of Levi. This in- 
volves overcoming new major obstacles in positive characteristic. Our proof requires 
an extension of Hironaka's proof for a 2 dimensional hypersurface to resolution of ideal 
sheaves on a nonsingular 3-fold of arbitrary characteristic, with the further condition 
that the resolution procedure produces transversality with the exceptional divisor. 
Our main resolution theorem for ideal sheaves on a nonsingular 3-fold is stated in 
Theorem 15.61 We use the philosophy of Bravo, Encinas and Villamayor in JEV] and 
[BEV| , resolving by taking the weak transform of an ideal rather than the strict trans- 
form. Our main resolution invariant is then the order of an ideal, rather than the 
multiplicity. This leads to vast simplifications in the proofs of resolution theorems. 
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The most fundamental problem of resolution in positive characteristic (open at 
the time of this writing) is to construct an embedded resolution of a 3 dimensional 
hypersurface in a nonsingular 4 dimensional variety. 

To circumvent the difficulty of constructing an embedded resolution of a 3-fold, 
Abhyankar proves and makes use of the following theorem, which is a generalization 
of a method of Albanese. 

Theorem 1.4. Suppose that K is an algebraic function field of dimension d over an 
algebraically closed field k. Then there exists a normal projective variety V such that 
K is the function field of V , and all points of V have multiplicity < d\. 

Abhyankar then shows that 3-fold singularities of multiplicity less than p can be 
resolved essentially using characteristic zero techniques. This is where the restriction 
p > 5 comes in, as 3!=6. Abhyankar uses a generalization of Jung's method of local 
resolution, resolving the branch locus of a finite projection to a nonsingular 3-fold, 
using Theorem II. 21 

Our proof of Theorem II . 1 1 can be broken down into 5 steps, which we enumerate. 

1. Prove Theorems II .21 and ll. 31 (embedded resolution of surface singularities and 
principalization of ideals). 

2. Prove that a projective variety of dimension n is birationally equivalent to a 
normal projective variety all of whose points have multiplicity < n!. 

3. Prove that points of multiplicity < p can be resolved locally. 

4. Patch local resolutions to produce a nonsingular projective variety, bira- 
tionally equivalent to V. 

5. Modify a resolution of singularities W ^ V to produce a resolution Wi V 
which is an isomorphism over the nonsingular locus of V. 

Steps 1-4 appear in Abhyankar's original proof |Ab7j . They draw on almost all 
classical approaches to resolution. Steps 1 and 4 already appear in the characteristic 
zero proof of resolution of algebraic 3-folds of Zariski in [Z4| . Step 5 appears in 
Cossart's article jCo4j . 

Step 2 (Theorem II. 4|) produces a variety Vq, birationally equivalent to our given 
3-fold V, such that all points of Vq have multiplicity < 3! = 6. Thus all points of 
Vq have multiplicity less than the characteristic p of the ground field k (if k has 
positive characteristic). Step 3 produces for all p d Vq local resolutions of singular- 
ities Wp Up, where Up is an affine neighborhood of p in Vq and Wp Up is a 
birational projective morphism such that Wp is nonsingular. We have thus proven 
local uniformization of the function field of V . The concept of local uniformization 
is explained in "Valuation rings and local uniformization" in Section [31 Now in Step 
4, we show that we can construct from these local resolutions a projective morphism 
Vi —^ V such that Vi is nonsingular. In Step 5, we show that we can construct from 
Vi a resolution of singularies V2 ^ V such that this morphism is an isomorphism 
away from the singular locus of V . This will complete the proof of Theorem ll.il 

In Section [5] we outline the proof of Step 1 , (embedded resolution of surfaces) and 
in Section[3l we outline the proof of Steps 2-5. The actual proof of Theorem 11.11 starts 
with Section m 

There is another, later, proof of Step 3 of Theorem ll.ll making use of contributions 
of Hironaka, Giraud and Cossart. We outline the proof in "Hypersurfaces of maximal 
contact for singularities of low multiplicity" in Section [3] In this proof, the essential 
point is also that 3-fold singularities of multiplicity less than p can be resolved es- 
sentially using characteristic zero techniques, but in this case it is accomplished by 
showing that under this restriction on multiplicity, a hypersurface of maximal contact 
exists. 



4 



Steven Dale Cutkosky 



The author would hke to thank the three reviewers of this paper for their careful 
and critical reading, and for their constructive comments. 

I dedicate this paper to Zariski, Abhyankar, Hironaka and Lipman. 

2. On Resolution of Surfaces 

In this section, we give an overview of the proof of the embedded resolution theo- 
rem, Theorem l5.61 and its corollaries, Theorem ll.2l and Theorem ll.3l These theorems 
are proven in Sections [5l - [Til of this paper. This will complete the proof of the first 
step of the proof of Theorem 11.11 These theorems are generalizations of the proof 
of resolution of two dimensional hypersurfaces outlined in Hironaka's lectures [H2j . 
which is itself a generalization of the characteristic zero proof of Levi |Le] and Zariski 
[Z4] to arbitrary characteristic. Hironaka's invariant is given an elegant geometric 
interpretation by Hauser in |Haulj . which we will discuss later in this section. All 
particulars of Hironaka's proof are worked out in Chapter 7, "Resolution of Sur- 
faces in Positive Characteristic" , in the book "Resolution of Singularities" [C2j . This 
method of resolution for a hypersurface on a nonsingular 3-fold extends to resolve an 
ideal sheaf on a nonsingular 3-fold. To accomplish this, we make a slightly different 
definition of the r invariant from the classical one of Hironaka. 

Msiximal contact and approximate manifolds. Suppose that V is a. nonsingular 
variety over an algebraically closed field k. We use the definition of order, Vq{I), 
given in Section [H Vq(X) is the largest power of the maximal ideal of Ov,q containing 
Iq. Let 

r = r(J) = max{z/g(J) | q S V"}, 

and let 

Sing, (J) = {q^V I yq{I) = r). 

We summarize a few basic properties of the behavior of the order v under blow ups. 
This topic is discussed in depth in |C2j . especially in Chapter 4. Some definitions and 
basic facts about resolution are given in Sections [4] and [5] of this paper. 

Sing, (I) is a closed subset of V. Suppose that W C Sing,(Z) is a nonsingular 
subvariety. Let tti : Vi — > F be the blow up of W . The weak transform 2i of Z, is 
defined to be 11 ^ where E = t:^^{W) is the exceptional divisor of tti, and Ie is 
the ideal sheaf of _E in Vi. We have that ri = r{Ii) < r. 

Suppose that q G Sing,(I). Let R = Oy.q- A nonsingular subvariety Y C Spec(i?) 
is called a manifold of maximal contact for X at q iiY contains the germ of Singj,(Z) 
at q, and if W C Sing, (I) is a nonsingular subvariety, and tti : Vi — > F is the blow 
up of W, then 7r^^{q) fl Sing,(Ii) is contained in the strict transform Yi of Y on Vi. 
Further, if qi G TT^^(q) n Sing,(Xi), then Yi is a manifold of maximal contact for Xi 
at gi. 

The fundamental theorem of resolution of singularities in characteristic zero is that 
manifolds of maximal contact always exist (for any dimension of V). This allows all 
theorems on resolution to by reduced by induction to appropriate resolution state- 
ments in lower dimension. 

We associate a positive integer r = T2:{q) to q E Sing,(X) such that if a manifold 
of maximal contact Y exists at q for X, we have dim Y = t. The number r can be 
thought of as the minimal number of variables in the tangent cone of X. 

Unfortunately, manifolds of maximal contact do not generally exist in positive 
characteristic. This can be considered as the major obstacle to resolution. We can 
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however approximate a manifold of maximal contact to first order, at least over alge- 
braically closed fields of arbitrary characteristic. Such a (nonsingular) subvariety will 
be called an approximate manifold. The dimension of an approximate manifold is r. 

The method of approximate manifolds, which he formulates slightly differently and 
calls the directrix, was introduced by Hironaka |H2j . 

Resolution of an ideal. In this section, we give an overview of our proof of prin- 
cipalization of an ideal sheaf I on a nonsingular 3-fold V. We adapt the resolution 
algorithm of Levi [Le| and Zariski [Z4j , and Hironaka's resolution invariant and ter- 
mination proof in |H2j to this situation. The main theorem is stated precisely in 
Theorem 15.61 of Section [5l We use the philosophy of Bravo, Encinas and Villamayor 
in [EV] and [BEVj , resolving by taking the weak transform of an ideal rather than the 
strict transform. Our main resolution invariant is then the order of an ideal, rather 
than the multiplicity. This leads to vast simplifications in the proofs of resolution 
theorems. 

Let r = r(X). We will construct a sequence of blow ups of points and nonsingular 
curves Wn 

(1) > Vn ^ K-1 ^ >V 

such that if In is the weak transform of X„_i on Vn, then Wn is contained in Sing^(I„). 
Further, we will have that two dimensional irreducible components of Sing^(T) are 
isolated, and at a point of such a component, X is locally principal, and is generated 
by /'' where / = is a local equation of a nonsingular surface S. We may thus assume 
that 2 dimensional components never appear in SingY(2,i), as they may be eliminated 
by blowing up the nonsingular surface S. 

Our goal is to construct a sequence which terminates after a finite number of steps 
with Sing^(I'„) = 0. 

As shown in Section [51 without too much difficulty, we can reach a Vn where 
Sing^(Z'„) is a finite set of points, so we may as well assume that Sing^(X) is a finite 
set of points. We then apply (in Section [8]) the following algorithm to construct ([1]). 

1. If Sing^(Z„) contains a nonsingular curve C, then blow up C. 

2. If Sing^(Z„) is a finite set of points, then blow up a point in Sing^(Z„). 

We will show that the sequence ([T]) is finite, and terminates with Sing^(I„) = 0. 

The number r can never go down in such a sequence, so we are reduced to assuming 
that there is an infinite sequence ([T]), with points Qn &Vn, such that qn maps to qn-i 
for all n, and Vq^{In) = Vq{1) = ^{qn) = T{q) for all n. 

With our assumptions, in a neighborhood of Sing^(2'„) is an isolated point, or a 
nonsingular curve contained in the exceptional divisor. We can thus find approximate 
manifolds Dq^ containing the germ of Sing^(I„) at Let our blow up be iTn+i '■ 
Vn+i — > Vn- By the theory of approximate manifolds, we have that TTn+iiln) H Dq^^-^ 
is the intersection of T^n+iiln) ^-nd the strict transform of 

We now distinguish several cases, according to the value of r. The case T{q) = 3 is 
trivial. In this case q is an approximate manifold and the strict transform of q under 
the blow up of q is the empty set, so Trf ^(g) n Sing^(Zi) = 0. 

In a similar way, if T{q) = 2 and there exists a (nonsingular) curve C through q, then 
C is an approximate manifold. The blow up tti of C then satisfies 7rj^^((7)nSing,.(Xi) — 
0. 

The case of T{q) — 2 and qn isolated in SingY(2„) for all n is the first nontrivial 
case. In this case we can actually find a manifold (curve) of maximal contact, by the 
process of well preparation. This is a generalization of the method used by Newton, 
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to compute the branches of an algebraic function of two variables. This case is worked 
out in Section [9l The simpler case of an ideal sheaf on a nonsingular surface is in 
Section [SI 

The most difficult case is when r(q) = 1. This case is in Section [TOl We start with 
a regular system of parameters x, y, z at q, where z = is an approximate manifold 
of 2" at and make a formal change of variables, replacing z with z' = z — '^(x,y) 
for some appropriate series '^{x,y), to well prepare (Subsection 110. 2p . We will have 
that z' = is an approximate manifold for X at q. Even if we start with regular 
parameters x,y,z in Ov,q, our resulting well prepared parameter z' might be formal, 
existing only in Ov,q- We may also need to very well prepare (Subsection ll0.3p . which 
involves making a change of variables replacing y with an expression y' = y — 4>{x)i 
for some appropriate series (l){x). 

We associate elements fi((?„) = (/?n,7-,an) G to (?„, in an ordered set, and 
show that ri((7„+i) < r2(g„) for all n, and that cannot decrease indefinitely. 

This is sufficient to show that ([!]) has finite length. 

Let Rn be the completion of C'y„,5„, and /„ = Z„_q^i?„. 

We inductively construct a series of (formal) approximate manifolds £>„ in Spec(i?„) 
by taking a local equation of the strict transform of -Dn_i, and modifying if necessary 
by very well preparation. Let a;„,j/„,2;„ be the resulting regular parameters in 
where T^(z„) = -D„. We insist that our parameters a;„,j/„,2;„ are such that 

Sing(/„) C V{Xnyn, Zn) = V{Xn,Zn) H V{yn, Z„) 

for all n. This may prevent very well preparation, if Sing(/„) = V{yn, Zn). 

Q will depend on our choice of regular parameters a:„,?/„,z„ in We construct 
a polygon |A| — |A(/„, a;„, y„, z„)| contained in the real upper half plane, from a 
projection of the nonzero coefficients of monomials in XmUm Zn in Rn of elements 

We choose the parameters a;„, z„ in i?„ to obtain the smallest polygon possible 
under substitutions z' = z„ — \E'(a;„,j/„) (to well prepare) or under substitutions 
z' = Zn - *(x„, ?;„) and y' = yn - 4>{xn) (to very well prepare). 

[ctn, Pn) is the upper left hand corner of |A|, and —en is the slope of the non vertical 
boundary line segment through (q;„, /?„). 

There are only 4 possible types of maps i?„ Rn+i which can occur in (P), which 
are denoted by Trl - Tr4. In each case, Sing(/„) is a curve or point (Subsection ll0.4p . 

Most of the cases of Trl - Tr4 are just monomial substitutions in the parameters, 
except for the case rj ^ oi Trl. Local equations of Trl are recalled two paragraphs 
below. 

The monomial substitutions cause combinatorially simple transformations of the 
Newton polygon, and do not involve characteristic p phenomena. 

The really interesting case, and only non monomial substitution, is when a point 
is blown up by a Trl transformation, with ?7 ^ (Theorem 1 1 . 1 7p . Local equations of 
the map are then x„ — x' , yn = x'{y' + rj), z„ = x' z' . The blow up is not a monomial 
substitution in Xn,yn,Zn in this case, but becomes a monomial substitution after a 
linear change of variables (a "translation" ) y^^ = yn ^ V^n ■ Then the proof becomes 
a detailed study of the binomial theorem in positive characteristic. 

In characteristic zero the proof is much simpler and reduces to the statement that 
the term na"~^b is nonzero in the expansion 

(a + 6)" = a" + na''-^b +■■■ . 

This observation was used by Zariski in his proof |Z1| of resolution of algebraic surface 
singularities, and in his subsequent proofs of resolution. 
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Flags. Hauser [Haulj gives a beautiful formulation of Hironaka's invariant used in 
the proof of termination of the resolution algorithm, which we will outline here, as it 
makes the construction more intuitive. Hauser assumes that X is the ideal sheaf of a 
reduced surface. 

We define a flag through g„ G Sing^(I„) to be the germs at (/„ of a nonsingular 
surface F2 in Vn and a nonsingular curve -Fi in Fi . We assume that F\ is transversal 
to an approximate manifold _Dg^ at g„. If the connected component of Sing^(Z„) is a 
(nonsingular) curve C, then we require that either F\ and F^ are both transversal to 
C, or F\ is transversal to C and Fi contains C . 

We say that parameters XmUmZn at q„ are subordinate coordinates for the flag 
if a;„ = is a local equation of F2 and x„ = j/„ = is a local equation of Fi. 
All subordinate coordinates for the flag are (essentially) obtained from a;„,?/„,z„ by 
making changes of variables 

z'n = - *(a;„, y„), and y'^^y^- (/'(a;„), 

for appropriate series ^' and 0. These are the type of change of variables which 
we consider in the local resolution algorithm, to well prepare and very well prepare. 
Hauser shows that VL{qn) then becomes an actual invariant of the flag. We maximize 
(/3, -i, a) for subordinate changes of variables for the flag, by well preparing and very 
well preparing. 

Suppose that we have a sequence of points {qn} in ^ with G Sing^(2'„) and <?„ 
mapping to q„_i for all n. 

Hauser shows that a flag at qn^i transforms to a flag at g„ under the sequence H]), 
that we can always choose subordinate coordinates so that i?„ is monomial 

in these coordinates, and the invariants computed from these flags satisfy r2(<?,i) < 
^{qn-i)- The descending invariants r2(g„) on the sequence are then computed by 
taking the transforms of an initial choice of a flag at q. 

Embedded resolution. 

The concepts of simple normal crossings (SNCs) and of transversal intersection 
are defined in Section 01 It is discussed in more depth in [C2j . especially in Chapter 
4 of |C2| . The geometric idea is that all components are nonsingular and intersect 
transversely. Our notion of simple normal crossings is sometimes called "strict normal 
crossings" in the literature. 

To give the full proof of embedded resolution of singularities of an ideal sheaf X on 
a nonsingular 3-fold V fTheorem 15. 6p we must start with a SNC divisor i? on as 
well as our ideal sheaf X. We then want to construct a sequence ([Ij so that not only 
is Sing^(X„) = 0, but the divisor En on Vn consisting of the sum of the exceptional 
divisor oi Vn ^ V and the preimage of E on Vn is a SNC divisor. Fortunately, 
essentially no new characteristic p problems occur in this proof, beyond those we 
have already encountered. 

A little care must be taken however in making sure that all blow ups are of centers 
which are transversal to the exceptional divisor. The problem is that we cannot 
deviate from the resolution algorithm, which is to blow up a curve if there is a curve 
in the singular locus (we can ensure that the curve will always be nonsingular after a 
little preliminary blowing up before starting the algorithm), and to blow up a point 
if there is no curve in the singular locus. Hironaka's invariant which we use to show 
termination does not behave well if there is deviation from this procedure. 

In order for En to be a SNC divisor on Vm we require that all blow ups Vi — > Vi^i 
(with i < n) he permissible (Definition 15. 5p . This means that they are the blow up 
of a nonsingular subvariety of Singj,(2i_i) which is transversal to Ei-i. 
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To accomplish this, we make use of the 77 invariant. This invariant is used by 
Abhyankar in his "good point" proof of embedded resolution of (characteristic zero) 
surface singularities, which is presented in [AblOj . in the lectures [O] of Orbanz, and 
in Lecture 3 of Lipman's Areata notes |Llj. We define rj as follows. 

On V, set i?+ = and E~ — E. At a point g„ G Vn where i/g,^(X„) — Vq{T) — r, 
define E~ to be the strict transform of E^ — E, and E^ to be the preimage of the 
exceptional divisor of Vn V. If Vq^{In) drops to less than r, we define E~ to be 
En and to be the empty set. 

For cin e Sing^(X„), let rjijin) be the number of irreducible components of E^ 
containing g„. We have < 7?((j„) < r]{qn-i) < 3 if i^q^{In) = i^g„_i(In-i) = r. 

In Section [H we reduce by descending induction on 77 to the case of 77 {E~ is 
disjoint from Singj,(2„)) and Sing^(2'„) C E^. This is achieved by noticing that our 
resolution problem reduces to a resolution problem on a nonsingular subvariety of V 
of dimension 3 — ri{q) < 2 (an intersection of components of E~). 

Further, we show that the exceptional divisor of Vn ^ is transversal to an 
approximate hypersurface of X„. 

Now any blow up that we make in our algorithm (given after ([T])) to reduce the 
order of In will automatically be permissible. The point is that one dimensional 
components of Sing^(X„) n E~ are not well controlled, while those of Sing^(Z„) n E'^ 
are projective lines transversal to E^ . 

Further generalization of the algorithm. The most interesting generalization 
would be to make the above reduction argument work for a hypersurface A" in a 
nonsingular variety V of dimension d > 4. The major problems occur in making the 
local reduction argument work for small r. The cases of 

(2) 0<d- T{Ix,q) < 2 

are analogous to the cases of T{Xq) = 3, 2, 1 which we analyze in this paper for ideal 
sheaves on a nonsingular variety of dimension 3. However, the case of d — T{Xx.q) > 2 
appears to be very difficult. 

Resolution of excellent surfaces. Hironaka announced in his notes |II2] a proof 
of resolution of singularities of an arbitrary excellent surface. In the notes he gives a 
few comments about the realization of the general proof, and gives some parts of the 
proof in |H3| . [H4| and |H5| (see also Cossart's paper [Col| ). 

We outline this approach, when S' is a surface which is embedded in a nonsingular 
variety V of arbitrary dimension d, over an algebraically closed field k. 

Making the proof work over a non perfect base field, or for an arbitrary excellent 
surface requires an excursion into a further series of complexities and treacherous 
pitfalls which we will not address here. Some details on this are given in [H4| . [H5j . 
[H6j and [Col| . A complete proof of resolution of excellent surfaces using a different 
method, is given by Lipman in fL2J . 

When d = 3, the order and multiplicity of Xs are the same. Also, under permissible 
blow ups, the weak transform and strict transforms of Xs are the same. For larger d, 
however, this is not the case. We now take r to be the largest multiplicity of Xs, and 
define Sing^(X) to be the locus of points of maximal multiplicity. Under permissible 
transforms, we take I„ to be the strict transform of Xn-i- Xn is the ideal sheaf of the 
strict transform Sn of S* on 1^. 

The first part of the proof when d = 3 (in "Resolutions of ideals" above) now 
goes through without trouble for general d. We reduce to the assumption that the 
locus of maximal multiplicity Sing^(X) is a finite set of points, and we have an infinite 



Resolution of singularities for 3-folds 



9 



sequence of blow ups of points and nonsingular curves ([T]), constructed by following 
the algorithm stated after ([T]). As in the analysis for the case d = 3, we reduce to 
consideration of a sequence of points (/„ € Sn such that maps to Qn-i for all n, 
and the multiplicity of Sn at qn is r for all n. 

Let R — Ov.q, with maximal ideal m, and let / = Is.qR- 

We can obtain any value T{q) = t{I) > 1, and as we have commented above in 
"Further generalization of the algorithm" , our local argument for the reduction of the 
order of an ideal does not extend to d ~ t{I) > 2. We can however get around this 
by using r instead of r, which we now define. We are in fact already forced to use 
this new concept, since when we are using multiplicity and taking strict transform, 
instead of using the simpler concepts of order and weak transform. We point out that 
Hironaka defines r to be what we call r in this paper, and does not consider what we 
call T, although r = r for locally principal ideals. 

Let in(/) be the ideal of gr„(i?) — ©j>om^/m-'+^ generated by initial forms of 
elements of /. We define r(/) to be the dimension of the smallest R/m linear subspace 
T of gr^(i?) such that the initial forms of all elements of / are contained in the 
polynomial ring R/m[T] C gr„j(i?). 

Since in(/) is contained in the ideal (T) of gr^(i?) generated by T, we see that 

2 = dim R/I = dim gr„^/,(i?,//) = dim gr,„(i?)/in(/) > dim gr,„(i?)/(T). 

Thus t(/) > dim i? - 2. 

The problem becomes to extend the reduction argument used in "Resolution of an 
ideal" in the case when d — 3, using r instead of r. This is feasible as t(/) > d — 2 
for the ideal of a surface. The price of this is that we must then use the full range 
of sophisticated methods developed by Hironaka in |H1| to control the reduction of 
multiplicity of the strict transform of an ideal under a permissible blow up (instead of 
just the order of the weak transform of an ideal), and requires a more sophisticated 
analysis of the polyhedra associated to a singularity which incorporates information 
from an appropriate standard basis of /. Some of this analysis is done in |H3| . in a 
very general setting. 

Abhyankar's proof of embedded resolution of surfaces. We conclude this 
section with a quick overview of Abhyankar's proof in [Ab7| and |Ab5j . |Ab6j . |Ab8j . 
[Ab9] . 

The main resolution theorem in Abhyankar's proof is Theorem 1.1 of }Ab6j . which 
is restated in Theorem 5.1 in [Ab7| . 

Suppose that k is an algebraically closed field of characteristic p, and A — k[a;, y](x,y) 
is a regular local ring. Suppose that 

(3) /(Z) = Z" + /iZ"-i + ••• + /„ 

is a monic polynomial with coefficients in A, and w is a rank 1 nondiscrete valuation 
which dominates A. Let 

(4) A^A,^---^At^--- 

be the sequence of blow ups of the maximal ideals of the local rings Ai which are 
dominated by uj. Theorem 1.1 of [Ab6| states that f{Z) has a nice form for all t 3> 0. 
The idea of an approximate manifold is implicit in this argument. 

Local uniformization can be easily deduced from Theorem 1.1 of |Ab6j. The essen- 
tial case is when our germ of a singular surface S has the local equation f{Z) = 0, 
and the fi have order > i. Let be a valuation which dominates f{Z) = 0. Let to 
be the restriction of ly to A. The most difficult case where the worst complexities of 
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characteristic p occur is when uj is nondiscrete of rational rank 1. We may as weh 
assume then that uj satisfies the assumptions of Theorem 1.1 of jAb6| . We then easily 
deduce from the theorem that for t ^ 0, there exists a substitution in Z which gives 
a birational extension such that the center of v has multiplicity less than n on the 
strict transform of S. 

Local uniformization is discussed in "Valuation rings and local uniformization" 
in Section [3l In his characteristic zero proof of resolution of surface singularities in 
[Z4j . Zariski introduces the notion of the dominant character of a normal sequence. 
This is the statement that if embedded local uniformization is true by possibly quite 
different local resolution sequences along each valuation centered on a two dimensional 
hypersurface, then a reasonable global algorithm of resolution will lead to a global 
resolution. Zariski proves this in [Z4j . 

Abhyankar generalizes this notion to resolution of ideals supported on an arbitrary 
characteristic nonsingular 3-fold, and requires that the resolution procedure generate a 
resolved object which makes SNCs with the exceptional divisor. This is accomplished 
in a very difficult proof in Chapter 1 of |Ab7| . In this way, Abhyankar deduces in 
|Ab7| the embedded resolution theorems for surfaces, stated as Theorems 11.21 and 11.31 
in this paper. 

The proof of Theorem 1.1 of [Ab6| is realized in the papers |Ab6| and [Ab9| . with 
the aid of a technical result from [Ab8| . 

The idea is to consider a splitting field L of the polynomial f{Z) over the quotient 
field K of A. In |Ab6| , making ingenious use of the norm and discriminant of a field 
extension, as well as the observation that the coefficients of a monic polynomial are 
the elementary symmetric functions in its roots, the proof of Theorem 1.1 of [Ab6| 
is reduced to the case where f{Z) is irreducible in K[Z], n = p™ for some integer 
m, and the valuation lo does not split under extension to L. The point is that this 
isolates the part of the resolution procedure where characterstic p is an obstacle. Now 
that we have made the reduction, we have obtained nonsplitting type and ramified 
type for f{Z) (Section 2 of |Ab9j ). Lemma 2.6 [Ab6j reduces the proof of Theorem 
1.1 of [Ab6| in this case to the technical result of Theorem 5.3 of |Ab9| . The goal 
is to find t sufficiently large in ([4]) such that /„ has small positive order, and that 
this cannot be changed after translation of Z by an element of At- Recall that n is a 
power of p. If we translate by an element r of ^t, replacing Z with Z + r, we get 

+ + • • • + /„,t 

where fu ^ At, and 

fn,t = fn + + contributions from the coefficients of Z* with < i < n. 

The non splitting type and ramified type assumptions tell us that the contributions 
from the coefficients of with < i < n cannot interfere too much in low degree 
with /„ + r" . We write 

fn,t x1*yl'Ht{xt,yt) 
for appropriate regular parameters xt^yt in At, where Xt,yt do not divide Ht. Let 

ovA{Ht{Q,yt)) = ct. 

We want to find a t such that ct is small, and we cannot remove the term a;"'?/^*'^'^* 
from fn^t by translation of Z. We may reduce to the case where the a;"'?/^*^'^' term 
cannot be removed if at least one of at and bt + Ct is not divisible by n. Sections 
6 through 9 of [Ab9] give an algorithm for achieving this. The idea is that after 
translation of Z to remove appropriate monomials in xt and yt which are powers of 
n, if we blow up we have that c can only go up under a very special circumstance 
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(this is where Lemma 27 of |Ab8j comes in), and after enough blow ups, there must 
actually be a drop in c*. 

The problem with order going up under resolution also occurs in resolution of vec- 
tor fields (Seidenberg ^Sej, Cano [Ca| and Panazzolo [PaJ) and in monomialization 
of morphisms (Cutkosky [Cl| . [C3| : and Cutkosky and Piltant [CP]). In the case of 
dimension two (as in the case of resolution of surfaces) this problem is not overwhelm- 
ing, but the level of complexity goes up tremendously in dimension three ( [Ca| . [Cl| . 

EH). 

To compare Abhyankar's proof with Hironaka's invariant used in this paper, we 
point out that the well preparations of Section [10] of this paper are essentially Ab- 
hyankar's translations, and the numbers {a,P) of Section [10] of this paper are analo- 
gous to Abhyankar's (a, b + c). 

3. On Resolution of 3-folds 

In this section we give some indication of the proofs of the different steps, discuss 
some of the history, review some of the background material, and point out a few 
subtle considerations which come up in the proof. We translate Abhyankar's proof 
into language which will be more easily accessible to the reader familar with the 
language of schemes. We have also simplified some of the proofs, partly by simplifying 
the statements to the case of an algebraically closed ground field, which is all that we 
need. We assume throughout this section that k is an algebraically closed field. 

Step 2. In Section [12] we prove the projection theorem. Theorem 11.41 The simple 
idea of the proof is as follows. Suppose that Vq is a projective variety of dimension d, 
with function field K = k(Vo)7 and q E Vq. The first observation (in Theorem II 2. ip is 
that the multiplicity e{Ov.q) of the local ring Ov,q is less than or equal to the degree 
deg(yo) ofVo. 

The idea of the proof of Theorem II. 41 is to project from points of high multiplicity 
until we get a rational map from Vq to a variety Vn such that Vq and Vn have the 
same dimension, and if [Vq : Vn] is the degree of the extension of function fields 
k(Vo) over k(\^), then every point of Vn has multiplicity < ^y^'y j ■ Then we take 
the normalization of Vn in k(Vb), to get a variety V birational to Vq, such that 
deg(y) < d\, and thus every point of V has multiplicity < dl. 

Albanese [Alb] used this method in resolution of algebraic surfaces. Abhyankar 
gives an algebraic proof of this theorem, valid in all dimensions in Section 12 of his 
book |Ab7j . Lipman also gives a survey of the proof in all dimensions, in geometric 
language closer to that of Albanese, in Section 5 of Lecture 1 of his Areata notes [Ll| . 

In Section [12] we essentially present Lipman's argument in his survey |L1| . but fill 
in a few details. 

Zariski analyzes Albanese's proof on pages 21 and 22 of his 1935 book [Z6]. Zariski 
points out that Albanese's proof makes extensive use of intersection properties of 
curves on a surface, which are well defined for nonsingular surfaces, but for surfaces 
with singularites, present new difficulties. Zariski cautions us that "with this distinc- 
tion in mind, Albanese's proof should be closely scrutinized" . 

The first instance where this issue is apparent is in the necessity to use multiplicity 
instead of the more intuitive local intersection number {H'^ ■ Vo)q at a point q € 
Vb, obtained by computing the length of Oyg^q/{xi, . . . , Xd), where Xi — are local 
equations of general hyperplane sections of Vq through q. This invariant is related to 
multiplicity by the inequality 

e{Oy,,q)<{H'-Vo)q, 
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with equality if and only if Vq is Cohen Macaulay at q (Theorem 23, Chapter VIII, 
Section 10 ;ZS]). Intuitively, we might expect that {H'^ ■ Vo)q is the correct number to 
use (instead of the multiplicity e{Ovo,q)) in the projection formulas of Theorem 112. II 
However, we see that this naive approach fails in general. 

Another subtle point which comes up is the necessity of using a sophisticated 
Bezout theorem in the proof to show that we do not eventually reach a situation 
where the dimension of the image drops (in Theorem 112. 3p . This issue only appears 
when the dimension d of Vb is > 3. Abhyankar proves the theorem we need in 
Theorem 12.3.1 of |Ab7j . A slightly more general version of this theorem appears 
in Fulton's book [F] (Example 12.3.1 of the Refined Bezout Theorem). The only 
instance where characteristic p appears as an issue in the proof of Theorem 11.41 is in 
the use of Bertini's theorem for general hyperplane sections, again in the proof that 
the dimension of the image does not drop (Theorem 112. 3p . 

Valuation rings and local uniformization. Suppose that K is an algebraic func- 
tion field over k, and y is a valuation ring of K (containing k), whose residue field 
is k. Suppose that X is a projective (or even proper) variety with function field K. 
Then there is a unique closed point p ^ X such that V dominates (Section [4|) the 
local ring Ox,p- 

The problem of local uniformization is to show that for every valuation ring V of 
K, there exists a regular local ring R, which is essentially of finite type over k and 
has K as its quotient field, such that V dominates R. 

Zariski proved local uniformization over characteristic zero function fields in |Z2j . 
The most difficult problems in local uniformization occur for valuations whose value 
groups are not finitely generated. 

The Zariski Riemann manifold. Zariski introduced the idea of local uniformiza- 
tion along a valuation to give a local formulation of resolution of singularities. 

Suppose that K is an algebraic function field. Zariski constructed a ringed space 
ZTi{K) which we call the Zariski Riemann manifold of K. A nice survey of this 
concept is given by Lipman in his appendix to Chapter II of [Z6] . The points of 
ZK{K) are the valuation rings of the function field K, which contain k and whose 
residue field is k |Z5j . Such valuations are called zero dimensional. The local ring of 
the point is the valuation ring. Zariski proved that this space is quasi compact in jZ5] 
and Section 17, Chapter VI of [ZS]. 

There is a natural continuous morphism of ringed spaces ■ 'ZjR{K) — > X for 
any projective variety X whose function field is K. A valuation ring A oi K maps to 
the point of X whose local ring is dominated by A. The point is called the center of 
A on X. The mappings $x are natural, so that if 5* : Xi X is a birational map, 
then o = '^x- 

Because of the quasi compactness of ZR{K), the construction of a resolution of 
singularities will follow from patching together a finite number of local resolutions. 
Zariski accomplished this for (characteristic zero) surfaces [Z3I and 3- folds [Z4] . 

Step 3. In Section [141 we generalize the method of Jung J , for locally resolving 
singularities. This method is discussed (for surfaces in characteristic zero) by Zariski 
on pages 16 and 17 of [Z6j . This method is also discussed by Lipman in Lecture 2 
of |Llj . and by Giraud in |G2| . Abhyankar has generalized the method to the case 
of tame ramification in positive characteristic, and has shown that the situation is 
extremely complicated when the ramification is wild [Ab2j . 
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Our proof is a simplification of the proof by Abhyankar given in "Uniforniization of 
points of small multiplicity", in Section 10 of Chapter 3 of [Ab7j . Our final statement 
is a proof in Theorem 114.41 of local uniformization for the function field of V. 

In characteristic zero the method is very simple and elegant. The fundamental 
result is the following. Suppose that f : X —> Y is a finite map from a normal variety 
X (of arbitrary dimension) to a nonsingular variety Y. Then by the purity of the 
branch locus, the branch locus of / is a divisor Dj on Y. If Z)/ is a SNC divisor, 
then X must have abelian quotient singularities, which have a very simple form, and 
can be easily resolved. In fact, with respect to the toroidal structures determined by 
Df and f~^{Df), f : X Y is a morphism of toroidal varieties. We can thus use 
one of the combinatorial algorithms (such as in [KKMS| or [BrM2j ) to resolve the 
singularities of Y. 

This gives us a way to deduce local uniformization (assuming characteristic zero) 
in dimension d, assuming embedded resolution in dimension d—1. We take a singular 
variety and a (zero dimensional) valuation ring A of the function field of V, whose 
center is a (closed) point p on V. We choose a finite map / from an open neighborhood 
X of p in F to an open subset Y of the affine space A^. Then we apply embedded 
resolution of singularities to construct a birational, projective morphism ni : Yi —>■ Y 
so that 7rj"^(_D/) is a SNC divisor on the nonsingular variety Yi. Finally, we take Xi 
to be the normalization of the variety {X Xy ^i)red' birational to X. Let pi 

be the center of A on Xi. Then by the above, Xi has a toric singularity at pi, which 
we can now easily resolve. 

In Section [HI we extend this argument to the case when k has characteristic > 0, 
and the local ring Ov.p has multiplicity less than p. 

Our main local resolution statement is Theorem 114. 4[ which proves local uni- 
formization for the function field of V. 

A slightly different formulation of the theory of ramification from the one we 
present in Sections [13] and 1141 written in the language of etale mappings, is given 
by Grothendieck and Murre in (GM| . especially in Section 2.3, "Tame Ramification 
and Abhyankar's Theorem" . 

Hypersurfaces of mELximal contact for singularities of low multiplicity. Here 
we outline an alternate proof of Step 3 of Theorem 11.11 which was pointed out to us 
by one of the reviewers. We start with a variety V such that all points of V' have 
multiplicity < p. We now make a local study of V. 

Cossart has shown (Theorem II. 3 [Co3') that a hypersurface of maximal contact 
always exists for singularities at points of multiplicity < p. For the sake of motivation, 
we point out that the existence of a hypersurface of maximal contact is easy to see in 
an important special case, that of a hypersurface singularity 

y"" + ai{x)y''-^ H ha^(a;) = 

where x represents a system of variables, and r < p. In this case we may obtain a 
hypersurface of maximal contact y = 0, just as in characteristic zero, by making a 
Tschirnhaus transformation y = y + , to eliminate the If^^ coefficient. 

Cossart's proof makes a detailed local analysis, using information obtained from 
the Hilbert Samuel function of the singularity and a theorem of Giraud '01 to con- 
clude that there is a hypersurface of maximal contact for the singularity. Specifically, 
Cossart shows that if (/i, . . . , fm) is a local standard basis of the singularity, with 
i^i —ordx{fi), for 1 < i < m, then Ui < p, for all i, and there exists a regular system 
of parameters (yi, . . . , yr, ui, . . . , Ud) with d < 3 such that W — V{yi, . . . , yr) has 
maximal contact, by Giraud's Theorem [G] , 
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Now using techniques of Hironaka on the Hilbert-Samuel function, the resolution of 
the singularity reduces to the resolution of the idealistic exponent Z = ni<i<m((/i, i^i)), 
which is supported by W and is equivalent to an idealistic exponent ((/, 6)) with / 
an ideal of Ow,x, G N. £ is solved by principalizing /, which is done by a straight 
forward generalization of Theorem 15.61 of this paper to idealistic exponents. 

Step 4. In Step 3, we proved local uniformization for the function field of V, so we 
have reduced, by quasi compactness of the Zariski Riemann manifold as we commented 
in "The Zariski Riemann manifold" , to patching together a finite number of local 
resolutions. The problem is to take several projective varieties which are birationally 
equivalent to V, and such that every valuation has a nonsingular center on at least 
one of the varieties. We must construct a variety V' which birationally dominates all 
of these varieties and is nonsingular. Zariski's original characteristic zero proof [Z4j 
made use of general Bertini theorems which are not valid in positive characteristic. His 
method was to study a birational morphism through an associated linear system. We 
eliminate the need for Bertini theorems by using the fact that a birational morphism 
is the blow up of a sheaf of ideals, and using the universal property of blow ups of 
ideal sheaves (Proposition II. 7. 14 [Ha| . Theorem 4.2 |C2| ). This is essentially the 
approach of Abhyankar's proof of this step, although he states and proves it in his 
own language (Section 8 of Chapter 2 of [AbTp . 

This step is where the theorem on principalization of ideals (Theorem II. 3p is re- 
quired. It is essential in this application that we blow up only above the locus where 
the ideal sheaf is not principal. Another essential ingredient of the proof is that a 
birational morphism of nonsingular 3-folds factors in a canonical way over the general 
point of a curve. It is just a sequence of blow ups of curves which dominate the 
original curve. This fails completely in higher dimensions. 

The fourth step is proven in Sections [15] and [TBI 

Step 5. The final fifth step is accomplished in Section [ITl The original proof of Ab- 
hyankar does not produce a resolution which is an isomorphism over the nonsingular 
locus. The fact that a resolution can be birationally modified (in dimension 3) to 
produce a resolution which is an isomorphism over the nonsingular locus is due to 
Cossart |Co4j . Our proof of this section is based on his extremely simple argument. 
Again, the main point is that a birational morphism of nonsingular 3-folds factors in 
a canonical way over the general point of a curve. 



4. Preliminaries 

In this section we establish notation, and review a few results that we will use in 
the course of the proof. 

If i? is a local ring, we will denote the maximal ideal of R by M{R). Suppose 
that S is another local ring, and i? ^ S* is an inclusion of rings. We will say that S 
dominates R if M{S) nR = M (R). 

Suppose that A C i? is a subset. We define the closed subset 

V{A) = {Pe Spec(i?) I A c F} 

of Spec(i?). We will consider the order vji{I) of an ideal / in R. vr{I) is defined to 
be the largest integer n such that / C M{R)^. If q is a point on a variety W, and J' 
is an ideal sheaf on W, then we denote VqiJ) = t^Oiv,q{Jq)- 
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Multiplicity. Suppose that R is a d dimensional Noetherian local ring, and that q 
is an M{R) primary ideal of R. There exists a degree d polynomial Pq{n) which has 
the property that the length 

= P,{n) 

for n ^ 0. The multiplicity e{q) is defined to be d\ times the leading coefficient of 
Pq{n). The multiplicity of R is defined to be e(i?) = e{M{R)). From the definition 
we infer that ii q' <Z q are Af (i?)-primary, then e{q) < e(g'). Suppose that R* is the 
M(i?)-adic completion of R. We see that e{qR*) = e{q). 

The multiplicity has the important property that e(i?) = 1 if and only if R is 
regular (Theorem 23, Section 10, Chapter VIII [ZS]). 

Theorem 4.1. Suppose that R/M{R) is infinite. Then there exists an ideal q' C q 
generated by a system of parameters such that e{q') ~ e{q)- 

This is proven in Theorem 22, Section 10, Chapter VIII I ZSj ■ 

Theorem 4.2. Suppose that R is a local domain, and T is an averring of R which 
is a domain and a finite R module. Then T is a semilocal ring. Let pi, . . . ,ps be the 
maximal ideals of T . Let K he the quotient field of R and M be the quotient field of 
T. Then 

s 

[M : K]e{q) = Y,[Tlp, : R / M {R)]e{qTp;) . 

i=l 

This is proven in Corollary 1 to Theorem 24, Section 10, Chapter VIII |ZS| . 



Intersection multiplicity and degree. We use the notation of Fulton [FJ for 
intersection theory. The intersection class of a fc-cycle a with a Cartier divisor D 
on a scheme X is denoted hy D ■ a. If Di, . . . are Cartier divisors on X, the 
intersection number of Di, . . . , Dk and a is denoted by Z?i • . . . • Dk ■ a. 

The degree deg F of a subscheme Y of P™ of dimension d is d\ times the leading 
coefficient of the Hilbert Polynomial Pyin) of the homogeneous coordinate ring of 
Y. It can also be computed as deg Y = Jp„ iJ'' • Y where H is a hyperplane of P™. 
Proofs are given in Section 7 of Chapter 1 [Ha| and the Corollary of Section 8.5 [I], 
or in Examples 2.5.1 and 2.5.2 [P]. 

Lemma 4.3. Suppose that R is a local ring of dimension d, and let 

Y = Proj(®„>oM(i?)"/Af(i?)"+i). 

Then deg Y = e(R). 

This follows from comparing the Hilbert polynomial of Y , which is equal to 

£(M(i?)'VAf(i?)"+i) 
for all large n, and the polynomial PM(R){n)- 

Completion. Suppose that k is an algebraically closed field, and i? is a normal local 
ring, which is essentially of finite type over k (a localization of a ring which is of finite 
type over k). The Af(i?)-adic completion R* of i? is a normal local ring (Theorem 
32, Section 13, Chapter VIII ^ZSJ). Suppose that L is a finite field extension of the 
quotient field of R* . Then the integral closure of R* in i is a local domain (since R* 
is Henselian, Corollary 2 to Theorem 18, Section 7, Chapter VIII |ZS| ). 
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We also state here the Zariski subspace theorem. For a proof, see (10.10) [Ab7] . 
A ring R is essentially of finite type over a ring T if i? is a localization of a finitely 
generated T algebra. 

Theorem 4.4. Suppose that R and S are normal local rings which are locally of finite 
type over k. Suppose that S dominates R. Let R* be the M{R)-adic completion of R 
and S* be the M{S)-adic completion of S . Then the natural morphism R* S* is 
an inclusion. 

Birational geometry. In this paper, a variety is an open subset of an integral, 
closed subscheme of P". A curve, surface or 3-fold is a variety of the corresponding 
dimension. 

The definition of variety in |C2j is a little more general. In |C2] . a variety is an 
open subset of a reduced, equidimensional subscheme of P" . The resolution theorems 
for varieties in [C2| are thus valid for reduced equidimensional subschemes of P" . 

Suppose that X is a projective variety over an algebraically closed field k. Let K 
be the function field of X. Suppose that F is a valuation ring of K which contains 
k. Then there exists a unique (not necessarily closed) point p E X such that V 
dominates the local ring Ox.p- P is called the center of V on X. 

Suppose that $ : X — > y is a birational morphism of normal projective varieties. 
The exceptional locus of $ is the closed subscheme of X on which $ is not an isomor- 
phism. Irreducible components T of the exceptional locus may have any dimension 
1 < dim T < dim X—1. If y is nonsingular all components have dimension dim X — 1. 

Now suppose that $ : X — > y is a birational map of normal projective varieties. 
There is a largest open set U X such that <I> | C/ is a morphism. The complement, 
F ^ X — U is called the fundamental locus of $. By Zariski's main theorem (Lemma 
V.5.1 and Theorem V.5.2 [Ha] ) . the fundamental locus F has codimension > 2 in X. 

Suppose that X is a variety and y is a subscheme. The ideal sheaf of y in X will 
be denoted by ly ■ 

Suppose that X is a nonsingular variety, and y is a nonsingular subvariety. The 
blow up of X with center Y is the blow up Xi — > X of Xy. Xi is a nonsingular 
variety. 

Suppose that Xi X is the blow up of the nonsingular center Y , is a valuation 
ring of the function field K oi X, the center of V on X is p and the center of V on 
Xi is pi. Then Ox,p Cxi.pi will be called a local blow up of Ox.p along V. The 
induced homomorphism Ox.p Oxx,pi will also be called a local blow up. 

We will make use of the fact that any birational morphism X ^ Y oi projective 
varieties is the blow up of an ideal sheaf (Theorem 7.17 iHa^ ) , and the "universal 
property of blow ups" (Proposition 7.14 [Ha]). Foundational material on blow ups, 
strict transforms, and other matters are covered in Chapter 4 of [C2j . 

Suppose that X —f Y is 'a dominant rational map of varieties. If the extension of 
function fields k(y) k(X) is finite, we denote [X -.Y]^ [k(X) : k(y)]. 

Suppose that X is a nonsingular variety. An effective divisor 13 on X is a sim- 
ple normal crossings divisor on X if for each p E X there exist regular parameters 
xi . . . in Ox.p and ai, . . . , a„ G N such that D is the divisor x^^ ■ ■ ■ x^" = in a 
neighborhood of p. We will abbreviate a simple normal crossings divisor as a SNC 
divisor. Suppose that X is a nonsingular variety, 13 is a SNC divisor on X and Y 
is a subscheme of X. We will say that Y is transversal to D if y is nonsingular, 
and for p £ Y Ci D, there exist regular parameters xi . . . ,Xn in Ox,p, r < n and 
fli, . . . , a„ G N such that D is the divisor x^^ ■ ■ ■ a;°" = in a neighborhood of p, and 
V{xi, . . . , Xr) C Spec{Ox,p) is the germ of Y. 
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If Di, D2 are two Cartier divisors on a variety X, we will write Di ~ D2 if £>i is 
linearly equivalent to Z?2- 

5. The ly and t Invariants 

Suppose that is a nonsingular variety over an algebraically closed field k of 
arbitrary characteristic, and X is a nonzero ideal sheaf of V. Suppose that q G V 
is a (not necessarily closed) point. If Z is a subscheme of V with ideal sheaf Xz, 
define Vq{Z) = Vq{Iz) (with notation as in Section |4|). Foundational material on 
singularities can be found in |C2j . 

For t e N, let 

Sing^{I)^{peV\up{J)>t}, 
which is a Zariski closed subset of V (Theorem A. 19 |C2] ). Let 

r = max{t | Singt(I) 7^ 0} = max{i'p(I) \ p<EV}. 

Suppose that F is a nonsingular, integral subvariety of V . Let vri : Vi F be the 
blow up of Y with exceptional divisor F . Let t = Vq{Iq), where q is the generic point 
of Y . Then the weak transform Xi of I on Vi is defined by (cf page 65 |C2| ) 

Vq (I) = t implies that Ii is an ideal sheaf on Vi. li Z is the subscheme of V defined 
by X, then the weak transform Zi of Z is the subscheme of Vi defined by Ii . li Z is 
a divisor on V , then the weak transform of Z is the strict transform of Z (page 38, 
page 65 [U2]). 

Suppose that p G Sing,. (I) is a closed point, Xi,. . . ,Xn are regular parameters in 
Ov^p and f € Xp. There is an expansion 

\ ^ ii 12 in 

— 2-^ ^il, 2^1 ^2 '''^n 
ilH ^in>r 

with ai.^A2....,in G k in Oy.p = . . . , Xn]]- The r-leading form L of f (with respect 
to xi, . . . , Xn) is defined to be 

-/v(xi , X2 , ■ . ■ , Xn ) — ^ ^ (^ii .12 ■ . . ..in'^ 1 ' ' ' ' 

il-i hin=r 

Define r(p) = tx{p) to be the dimension of the smallest linear subspace T of the k- 
subspace spanned hy xi,X2, ■ ■ ■ ,Xn in k[[a;i, . . . , Xn]] such that L e k[r] for all / G 2p. 
We will call the subvariety Mp = V(T) of Spec(C'y_p) an approximate manifold to X 
at p. T depends on our choice of regular parameters at p. However, the tangent space 
to Mp does not depend on T, and the dimension n — t{p) of Mp does not depend 
on T. After making a choice of xi, . . . ,Xn, T is uniquely determined. It follows 
that if y C Sing,,(Z) is a nonsingular subvariety with p e F, then there exists an 
approximate manifold Mp to I at p such that the germ of y at p is contained in Mp. 

Lemma 5.1. Suppose that Y C Sing^{X) is a nonsingular subvariety of V , tti : 
Vi ^ V is the blow up of Y , X\ is the weak transform ofXonVi,p€Y, Mp is an 
approximate manifold to X at p containing the germ ofY at p, and q G Trj^^{p). Then 

1. M^i) < ^• 

2. VqiXi) = r implies q is on the strict transform Mp of Mp and t{p) < T{q). 

3. Suppose that Vq{Xi) — r and t{p) — T{q). Then there exists an approximate 
manifold Mq to X at q such that Mq C]'K^^{p) — Alp r\TT^^{p) where Mp is the 
.strict transform of Mp on Vi . 

Proof. This follows from a local calculation, as in Lemma 6.4 and Lemma 7.5 |C2] . □ 
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With the hypotheses of Lemma lS-H we immediately conclude that r(p) < n— dim Y 
and t(p) = n — dim Y implies Vq{Ti) < r. 

We deduce from Lemma IS.ll the following important corollary. 

Lemma 5.2. Suppose that V is a nonsingular 3-fold, Y C Sing^il) is a nonsingular 
subvariety ofV, tti : Vi V is the blow up ofY, and Ii is the weak transform of I 
on Vi. Let F be the reduced exceptional divisor ofni. Suppose that Fr\Sing^(Xi) ^ 0. 
Then 

1. If Y is a point, then F C\ Sing^{Ii) is either an isolated point, or an irreducible 
nonsingular curve. 

2. If Y is a curve, then F n Sing^{Ii) is either a finite union of points, each in 
a distinct fiber over a point of Y , or Sing^{Ii) is an irreducible nonsingular 
curve which is a section over Y . 

A nonsingular hypersurface Dp C Spec(C'y^p) is called an approximate hypersurface 
to X at p if Dp contains an approximate manifold Mp to X at p. If Dp is an approximate 
hypersurface to X at p, and Y C Sing^ (X) is a nonsingular subvariety containing 
then there exists an approximate hypersurface D'p to X at p such that Y C D'p and Dp 
and D'p have the same tangent space. We deduce the following lemma from Lemma 

o 

Lemma 5.3. Suppose that Y C Sing^{X) is a nonsingular subvariety of V , tti : 
Vi ^ V is the blow up ofY , Xi is the weak transform ofXonVi,p€Y, Dp is an 
approximate hypersurface to X at p containing the germ of Y at p, and q £ n^^{p). 
Then 

1. i^qiXi) < r 

2. Vq{Xi) — r implies q is on the strict transform D'^ of Dp. 

3. Suppose that Vq{Xi) = r. Then there exists an approximate hypersurface Dq 
toX at q such that Dqr\'K^^{p) = DpCnr^^lp) where Dp is the strict transform 
of Dp on Vi . 

Definition 5.4. A resolution datum TZ = {E^,E^,X,V) is a 4-tuple where 
and E^ are effective divisors on a nonsingular variety V over an algebraically closed 
field such that E = E^ + E^ is a SNC divisor, E^ and E^ have no common 
components, and X is an ideal sheaf on V . 

For i > 1, let 

Sing,(7e) - Sing,(X) ^ {p e V \ iyp{X) > t}. 

Singj(7?.) is a proper Zariski closed subset of F for t > 1. 
Let 

r = u{n) = v{X) = max{i'p(I) | p G V}. 

For p & V , let 

r\(j)) = the number of components of E~ containing p. 

We have < ri{p) < dim V. 
Let t{p) = Tx{p) for p ^V. 

Transversality is defined in the discussion of birational geometry in Section [5] on 
preliminaries. 

Definition 5.5. A permissible transform of TZ is the blow up tti : Vi V of a 

nonsingular subvariety Y C Sing^{TV) such that Y is transversal to E = E^ + E^ . 
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Let F be the exceptional divisor of a permissible transform tt : Vi — > y of 7^. Then 
t:1{E+ + E-) + F is a SNC divisor. We define the transform TZi of TZ on Vi to be 
TZi = {E^ , El Vi) where Xi is the weak transform of X, and 

E+ = ttI{E+) + F, El = the strict transform of E^ if i^{Xi) = i^{n), 

E+ =(/},Ei = T^l{E+ + E-) + F li v{Xi) <v{n). 

We remark that if 7ri(p) = q and VqiXi) < Vp(X) = r, then r]{q) < r]{p). 

In the next several sections we prove the following theorem, which is our main 
resolution theorem for ideals on a nonsingular 3-fold. 

Theorem 5.6. Suppose that V is a nonsingular 3-fold over an algebraically closed 
field k, and TZ = {%,E,X,V) is a resolution datum. Let r = I'iTVj > 1. Then there 
exists a sequence of permissible transforms it : Vi ^ V of TZ such that Sing^{TZi) — %, 
where TZi is the transform of TZ by -k . 

Theorem 15.61 implies the embedded resolution theorems Theorem 11.21 and Theo- 
rem [L3] stated in the introduction. Using classical techniques of resolution, and the 
resolution algorithm of Levi [Lej and Zariski [Z4| , we reduce in Sections [7] and [8] to 
a local analysis of a sequence of points under which the order of the weak transform 
of the ideal does not drop. We show that this sequence must be finite in Sections [5] 
and [TOl The essential ingredient in this local analysis is an extension of Hironaka's 
termination invariant for surfaces |H2j . In Section 111! we deduce Theorem 11.21 and 
Ofrom Theorem EH 

In the course of the proof of Thcorcm l5.6l we will construct sequences of permissible 
transforms 

K ^ K-i ^ >Vi-^ V. 

To simplify notation, we will use the convention that TZn — {E^ , E^ ,Xn,Vn) where 
En = E^ + E^ is the transform of TZ on Vn ■ 

We will also construct sequences of permissible transforms involving Wi, 

W„ ^ Wm-l ^ >Wi-^V. 

We will use the notational convention that TZ'^^ = ( (i?^ )+,(£','„ Wm) where 
E'^ = {E'^)+ + {E'^)- is the transform of TZonW„,. 

6. Embedded Resolution on a Non Singular Surface 

In this section, we prove resolution for an ideal sheaf on a nonsingular surface. We 
define a resolution datum on a nonsingular variety over an arbitrary field in the same 
way as for algebraically closed fields. 

Theorem 6.1. Suppose that T is a nonsingular surface over a field L, and TZ = 
{9, E,X,T) is a resolution datum. Let r — viJZ) > 1. Then there exists a sequence 
of permissible transforms ir : Ti ^ T of TZ such that Sing^{TZi) = 0, where TZi is the 
transform of TZ by it. 

Proof. After a few blow ups of points on the strict transforms of components of E, 
we construct Ti ^ T such that r]{p) = for all p G Sing^(7^i). We may thus assume 
that this is true on T . 

Suppose that C C Sing^(I) is a curve. Then C is nonsingular, and there exists a 
neighborhood U oiC mT such that X\Ou =1c\U. Let tti : Ti T be the blow 
up of C, Xi be the weak transform of X on Ti. Then Xi \ ■Ki^{U) = O^-i^jjy Thus 
Sing^(2:i) n7r-i([/) = 0. 

We thus reduce to the case where Sing^(X) is a finite set of points. 



20 



Steven Dale Cutkosky 



Now the proof is an extension of the proof of Theorem 3.15 |C2j . We outhne 
the proof here, and refer to |C2j for technical details. We construct a sequence of 
projective morphisms 

(5) > T„ ^ . Ti ^ To = r 

where each nn+i '■ Tn+i — > Tn is the blow up of all points in Sing^(X„), where X„ is 
the weak transform of on T„. We must show that this sequence is finite. 

Suppose that ([5]) has infinite length. We can then find closed points p„ G r„ such 
that TTn{Pn) — Pn-ii and Pn G Sing^(X„) for all n. We then have an infinite sequence 
of local rings 

R = Rq — > R\ — > • • • — > _R,j — > • • • 

where i?„ = Ot„,'p„- Let Li be the residue field of R. By Lemma 3.14 |C2] . the 
residue field of each of these local rings is equal to Li. 

We will define 5p^ G so that = — 1 for all i, leading to a contradiction 
to the assumed infinite length of 

Suppose that x^y are regular parameters in Otq^po- Identigy Li with a coefficient 
field of Rq. For f G I = Xp^Ro, we have an expansion 

f = "'io^'y^ 

with fljj G Li. We will call x, y good parameters for / if there exists f E I such that 
aor 7^ (ord(/(0, y)) — r). Suppose that x,y are good parameters for /. For f E I, 
we define 



5[f]x,y) 



and 



h-<randa„^0} if y'' //, 



5{I]x,y) = min{(5(/;a;,y) | / G /}. 




Now define 

n 

(5p„ ~ sup{(5(/; a;, ya) \yo = y — biX^ with n G N and bi G 

i=l 

If (5po = cx), then there exists a series g = y — X^i^i ^i^^ such that (g'') = /, a 
contradiction to the assumption that p is isolated in Sing^(X). Thus (5p„ G ^-N. 
Let ?/o G C'tq.po be such that Sp^^ — S{I;x,yo). Then we check that x,yi are regular 
parameters in where yo = xyi, that yi are good parameters for Ii — (Ii)pi , and 
(5pj = — 1. We thus see that 5p- < for i 3> 0, a contradiction to our assumption 
that (O has infinite length. 

□ 

Remark 6.2. Theorem \6.1\ and its proof are applicable when T = Spec{A), where A 
is an excellent 2 dimensional regular local ring containing a field. 



7. Reduction of Embedded Resolution to Resolution 

In this section, we suppose that ^ is a nonsingular 3-fold (a 3-dimensional variety 
over an algebraically closed field k) and 7?. is a resolution datum on V with r = 
i^{T^) > 1- We will transform TZ into a nice stable form (Theorem 17. 2[) . from which 
we will obtain our main embedded resolution theorem (Theorem 15. 6p in Sections [5] - 

uni 
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Lemma 7.1. Suppose that p G Sing^[TVj, and an approximate hypersurface Dp of X 
at p is transversal to E'^ and is not a component of . Suppose that ni : Vi V 
is a permissible transform of a nonsingular subvariety Y of V containing p. Let TZi 
be the transform of TZ on Vi. Suppose that pi g 7r^^{p) O Sing^.{TZi) . Let Dp-^ be an 
approximate hypersurface of Xi at pi . Then Dp-^ is transversal to E^ , and is not a 
component of E^ . 

Proof. The proof is immediate from 3 of Lemma [5?3l □ 

Theorem 7.2. Let TZ — E,X,V). Then there exists a sequence of permissible 
transforms n : Vi V such that if TZi is the transform of TZ on Vi, then 

1. Sing^(TZi) fl E^ = 0, so that rj^p) — for p £ Sing^(JZi). 

2. Sing^iTZi) C E^ and dim Sing^{TZi) < 1. 

3. All irreducible curves C C Sing^{TZi) are nonsingular. 

4. If p & Sing^{TZi), then there exists an approximate hypersurface Dp of Xi at 
p which is transversal to E^ and is not a component of E^ . 

Proof. We first establish 1. We begin by blowing up all triple points of E (points p 
with r]{p) — 3) in Sing^(7^) to construct Vi ^ V such that ri{p) < 2 forp S Sing^(7?.i). 
We then blow up all double curves of E (curves C such that ri{p) =2 for all p £ C) in 
Sing^(7?.i) to construct V2 — > Vi such that r]{p) < 2 for p 6 Sing^(7?.2), and r]{p) — 2 
at only finitely many points. 

Suppose that p S Sing^(7?.2) is an (isolated) point with ri{p) — 2. Then after a 
finite number of blow ups of points Wi —>■ V2 centered at the point on the strict 
transform of the double curve of E2 through p which dominates p, the transform TZ'i 
of TZ on Wi satisfies 77(^1) < 2 at all points pi £ Sing^(7?.'j) which dominate p. To see 
this, let x, y, z be regular parameters in Ov2,p such that xy = Q is a local equation of 
E2 at p. Then x = y = Q is a local equation of the double curve C through p, and 
after blowing up n times -0 '■ Wn V along the strict transform of C, the local ring 
on Wn of the point pn on the strict transform of C which dominates p has regular 
parameters x — xiz"',y — yiz^^z. Substituting into generators of (22)p, we see that 
Vp^{X'^) < r for n > 0, since C <^ Singr(7?.2). 

Repeating this for all p E Sing^(7^2) with 77 (p) — 2, we construct V3 V2 such 
that ri{p) < 1 for p G Sing^(7?.3). 

If there is an irreducible component F of E^ contained in Sing^(7^3), then we can 
blow up F by V4 ^ V3 to eliminate F from Sing^(7?.4). In this way we reduce to the 
assumption that no irreducible components F of E^ are contained in Sing,. (7?.4 ) . 

Now suppose that C is a curve in V4 which is contained in Sing,. (7^4), and there is 
an irreducible component F of E^ containing C (so that 77 (p) ~ 1 for all p E C). By 
blowing up points on the strict transform of C we can construct Wi —> V4 such that 
the strict transform Ci of C on Wi is nonsingular and intersects E[ transversely (by 
Theorem I6.ip . Now we construct the sequence of permissible transforms 

(6) >Wn^ Wn^i ^ >W2^Wi 

where each morphism W^+i — > Wi is the blow up of the section C; over Ci on the 
strict transform Fi of F on Wi {Fi is isomorphic to Fi by this morphsim), and we 
continue as long as Ci is contained in Sing,.(7^';) (where TZ'i is the transform of TZ on 
Wi). 

Let C be the generic point of C in V4, and let Q be the generic points of Ci in 
Wi for all i. Base change of dH) by the inclusion of Spec(C'y^_^) = '&\iec[Owi.Ci) into 
Wi induces a sequence of birational projective morphisms of regular, 2 dimensional 
schemes. For all i > 1, X^ ®Ovi ^Va,,c, is the ideal sheaf of a closed point 7^ in 
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Wi Spec(C'y4,i^) which dominates ji-i, with 70 = Spec(Ov'4,c/2'c,c)- We see 
that by taking base change of the sequence ^ by locahzation at C, we obtain a 
sequence of blow ups of closed points above Spec{Ov4x)- ^ow by Remark [6.21 to 
Theorem 16.11 we have that -fi ^ Smg^{Wi Xy^ Spec(Oy^^f )) for all i 3> 0. Since 
Cw.,c. - ^w,xv^SpeciOv,.c)n.' ^^^^ ^ Sing^(7^^) for aU i > 0. 

Repeating this for all curves C in I4 which are contained in Sing^(7?.4), and such 
that there is an irreducible component F of containing C, we construct V5 — > 
such that r]{p) < 1 for all p e Sing^(7^5), and there are at most finitely many points 
p & Sing^(7^5) such that 77 (p) = 1. 

Suppose that p e Sing^(7?.5) and r]{p) = 1. Let A — Ovz,p, I — (2^5 )p- Let F be 
the irreducible component of E^ containing p. Choose regular parameters x, y, z in 
Ov^.p such that z = is a local equation of F. 

For f ^ I, we have an expansion 

r-l 
i=0 

in A = k[[a:, y, z]]. Define C{I) to be the ideal in _B = Op.p = k[[x, y]] generated by 

|ai(x,?;)^ I / e /| . 

We easily verify that for an ideal H C A, va{H) > r if and only if vb{C{H)) > rl. 

By Remark 16.21 to Theorem 16. 1[ applied to Spec(i3) and J = C(/), there exists a 
sequence of permissible transforms 

(7) T„, ^ T,„_i ^ >To = Spec(B) 

such that the weak transform Jm of J on satisfies v{Jm) < ''!■ Since Sing^i(J) is 
the maximal ideal of B (as p is isolated in n Sing^(I) by our reduction) every curve 
blown up in ([7]) is the strict transform of an exceptional divisor of some T^+i Ti. 
Thus there exists a sequence of permissible transforms 

(8) ^ W,„_i ^ >W^^V5 

such that each Wi+i Wi is either the blow up of a point on the strict transform 
of F or the blow up of a nonsingular curve on the strict transform of F, and ([7]) is 
obtained from ([5]) by taking the strict transforms of F by the successive morphisms, 
and taking base change by the inclusion Spec(_B) F. Let TZ'^ be the transform of 
■R4 on Wi. 

For pi in the strict transform of F by the map Wi —>■ V5 which is also in the 
fiber above p (where Tl[ is the transform of TZ on Wi), we verify that C{{'I[)p-^) is 
the completion of the localization at pi of the weak transform J7i of J on Ti, and 
Pi €E Smg^(JZ'i) if and only if pi G Sing^|(Ji). By induction, we see that this property 
persists throughout the sequences ([7]) and ([8]), so that Sing^(7?,^) is disjoint from the 
strict transform of F above p. 

Iterating this construction for all (the finitely many) p G Sing,, (7^5) with ri{p) =^ 1, 
we construct Vq V5 such that the conclusion 1 of the theorem holds on Vq. 

We now establish 2. 

Suppose that S* is a 2 dimensional irreducible component of Sing^(7^6)- Then S is 
nonsingular and isolated in Sing^(7^6)- For p G 5, S* is an approximate hypersurface 
Dp for Xq at p. Eq is transversal to Dp, by Lemma 17.11 Thus S is transversal to 
Eq — Eg + Eg at all p e S. The blow up Wi — > Vg of 5 is thus permissible. We have 
Sing^(7ei) nTr^^{S) = 9 (where n[ is the transform of TZq on Wi). 
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Repeating this construction for all 2 dimensional components of Sing^(7?.6), we 
construct V7 Ve such that dim Sing^(7?.7) < 1. 

Suppose that Ci , . . . , C„ are the Zariski closures in V7 of the irreducible curves 
in Sing,. (7^7) — Et. There exists (by Corollary 4.4 |C2| ) a sequence of blow ups of 
points tpi : W\ V7 with transform TZ[ of 7^7 on Wi , such that the strict transforms 
C(, . . . , of Ci, . . . , C„ on Wi are nonsingular and disjoint. Suppose that p e Wi 
is such that E'l is not transversal to C[ (necessarily p ^ {E'i)~). There exist regular 
parameters x,y, z in Owi,p such that x — y ^ are local equations of C( at p. Let 
f{x, y, z) = be a local equation of E[ = {E[)~^ + {E[)~ at p in Owi,p- We necessarily 
have that / ^ {x, y)Owi,p- Let 1^2 ■ W2 W\ be the blow up of p, and suppose that 
P\ e '^2^{v) is on the strict transform of C(. Then there exist regular parameters 
x\,y\^z\ in 0^/2 ,pi such that 

X = xxzx.y = y\zx,z = zi. 
Since / ^ ix,y), we see by substituting 

X — XjiZ^ , y — y^iZ^ , z — Zyi 

into f(x,y,z), that after finitely many blow ups of points Wn+i Wi, the strict 
transform of Ci is disjoint from the strict transform of E[. 

Since C[ is nonsingular, the strict transform C" of C[ on Wn+i is transversal to 
the exceptional divisor of Wn+i W\. Thus, C'l is transversal to -E^+i. The blow 
up W„+2 Wn+i of C'l is thus permissible. 

We repeat this construction for C2, . . . , C„ to construct Vg — > V7 such that Sing,,(7^8) — 
Es is a finite set of points. Let Vg Vs be the blow up of these points. The conclu- 
sions 1 and 2 of the theorem hold on Vg . The conclusions 3 and 4 of the theorem now 
hold by Lemma 15.21 and Lemma 17.11 

□ 

Now suppose that S" is a reduced effective divisor on V such that S is nonsingular, 
and suppose that TZ ~ {E^ , E^ ,2s, V) is a resolution datum on V, such that E^ + S 
is a SNC divisor. Let 

NSNC(7^) = {p G 5* I + + 5 is not a SNC divisor at p}. 

NSNC(7^) is a closed subset of Singl(7^) = S. 

We define a NC-permissible transform of TZ to be the blow up tti : Vi ^ V oi a. 
nonsingular subvariety Y of NSNC(7?.), such that Y is transversal to £■ = E^ + E^ . 
We define the transform TZi of TZ with respect to a NC-permissible transform tti as 
for a permissible transform in Section [5] 

Observe that if tti is a NC-permissible transform of TZ, then Ii = Xsi , where Si is 
the strict transform of 5 by tti. We have that Si is nonsingular, E^ + Ei is a SNC 
divisor, and E^ -I- is a SNC divisor. 

Lemma 7.3. Let TZ — (0, E,Xs, V) be a resolution datum on V , where S is a reduced 
effective divisor on V such that S is nonsingular. Then there exists a sequence of 
NC-permissible transforms ni : Vi V such that if TZi is the transform of TZ onVi, 
then NSNCiTZi) = 0. 

Proof. A simplification of the proof of 1 of Theorem 17.21 with Sing,, replaced with 
NSNC, shows that there exists a sequence of NC-permissible transforms tt : Vi ^ V, 
such that r]{p) = for p e NSNC(7^l). Since E^^ + S"! is a SNC divisor, we thus have 
that El + Si is a SNC divisor, so that NSNC(7^l) = 0. □ 
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8. Reduction to Local Resolution 

In this section we reduce the proof of Theorem 15.61 to a local problem, which is 
proven in Sections [H] and (TUl 

We may assume that the conclusions of Theorem 17.21 hold (but we now have TZ = 
{E+,E-,I, V)). 

Suppose that Y C SingY(7^) is an irreducible component. By the conclusions of 
Theorem 17.21 Y is nonsingular of dimension < 1, F n E~ = 0, y C E'^ and there 
exists an approximate hypersurface Dp to X at p which is transversal to E'^ such 
that Y C Dp. Thus Y is transversal to E, and the blow up tti : Vi ^ V oi Y \s & 
permissible transform of TZ. Furthermore, it follows from Lemmas 15.21 and 17.11 that 
the conclusions of Theorem 17.21 hold for the transform TZi of TZ onVi. 

We may thus construct a sequence of permissible transforms 

(9) >Vn-^ K-i ^ >Vi^V 

by applying the following algorithm: 

1. If there exists an irreducible curve C C Sing^(7?.„) then perform the permis- 
sible transform Vn+i — > Vn obtained by blowing up C . 

2. If Singj,(7?.„) is a finite set of points, then blow up a point in Sing,,(7^„). 

As remarked in the paragraph above ([9]), the above blow ups are permissible, and the 
conclusions of Theorem 1 7 . 21 hold for all transforms TZn of TZ along the sequence (|9]). 

We must show that the sequence terminates after a finite number of steps with 
Sing,(7^„) = 0. 

We first observe that there exists a Vn in © such that Sing^(7?.„) is a finite set. 
Suppose otherwise. Then ([9]) is an infinite sequence, constructed by only performing 
Step 1 of the algorithm. By Lemma [5?2l there exists a curve C in Sing^(7?.) such that 
an infinite number of sections over C are blown up in ([9]). let C, be the generic point 
of C. As in the argument following ([6]) in the proof of Theorem 17.21 the sequence 
of blow ups of closed points over Spec(C'v',c) obtained by making the base change of 
([9]) with the inclusion of Spec(C'y^^) into V , does not reduce the order of the weak 
transform of a contradiction to Remark 16.21 to Theorem 16. II We may thus assume 
that Sing^(7?.) is a finite set. 

With the assumptions that Sing^(Z) is a finite set of points, and that the conclu- 
sions of Theorem 1 7 . 2 1 hold . we now construct a sequence of permissible transforms 

(10) >Vn^Vn-l^ >Vi-^V 

by applying the following algorithm: 

1. If there is a curve in Sing^(X„), then blow up the union of one dimensional 
components of Sing^(X„). 

2. Otherwise, blow up Sing^(X„), which is a finite union of points. 

By Lemma [5.31 Lemma 4 of Theorem 17.21 and since we started with Sing^(X) 
on V being a finite set of points, under this algorithm Sing^(X„) is always a disjoint 
union of points and nonsingular curves, which are transversal to £'„. The conclusions 
of Theorem [Ll hold on all Ki- 
ll the sequence ([T0| is of finite length, then we have achieved the conclusions of 
Theorem 15.61 
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Suppose that pop has infinite length, and there does not exist a sequence of points 
Qn € Sing^(Z„) such that qn+i maps to g„ for all n. We will derive a contradiction. 

Let K — ]i{V) be the function field of V, and let ZK{K) be the Zariski Riemann 
manifold of K (see Section [3]). Let $„ : ZK(K) Vn be the natural projection. Let 
Un = Vn ~ Sing^(I„), an open subset of Vn- 

Suppose that A e ZK{K). Let g„ be the center of A on Vn- By assumption, 
Qn ^ Sing^(Z„) for large n. Thus A G <i>~^(J7„). It follows that 

U^^,<p-\Un)^ZR{K). 

Since ZK{K) is quasi compact ([Z5J or |ZS| ), there exists an n such that (f>,^^([/„) = 
ZK{K), so that Sing,^(X„) ~ 0, and pO| has finite length, a contradiction. 

Assume that ()10|) is not finite. We must then have an infinite sequence of points 
Qn G Vn such that Qn G Sing^(I„), and qn maps to Qn-i for all n. 

By Lemma l5.ll T{qn) > r(g„_i) for all n. Thus, by induction on r, we may assume 
that T{qn) = T{q) for all n. 

We will show that this is not possible, by associating to each point qn an element 
f2((7„) in an ordered set such that Q{qn+i) < ^{qn) for all n. We will further show 
that cannot decrease indefinitely. It will then follow that there exists an n such 
that Sing^(Ki) — 0, proving Theorem 15.61 

We have a sequence 

(11) R^^R^^... 

of infinite length, where Ri — Ovi,qi is the completion of the local ring of Vi at qi, 
and i/q.{Ji) = r for all i. Let li = {Ii)q.Ri. 

Since Oy„,g„ is excellent, we have Sing^(2'„) n Spec(i?„) = Sing^(/„) for all n. 

We may extend our definition of r to an ideal in a power series ring. We have 
T{qn) = t(/„) for all n. 

We will consider separately the cases with different values of t in the following 
Sections ini and [ini to derive a contradiction, showing that pT|) must have finite length 
in all cases. 

The case where T(q) = 3 is immediate from Lemma |5. II 

9. Reduction When r(q) = 2 

The proof in this case is an extension of the case of an ideal sheaf on a nonsingular 
surface, given in Section [6l The proof is based on Hironaka's termination argument 
in [H2] . 

Suppose that T is a power series ring in 3 variables over an algebraically closed 
field k, and J C T is an ideal. Suppose that cc, y, z are regular parameters in T, and 
r is a positive integer. 

For g €i T, we have an expansion 

(12) 5 = 
with bijk £ k. Define 



7(5; X, y, z) = min{ 




Define 

j{J;x,y,z) = mm{j{g;x,y,z) \ g E J}- 
We have 7( J; x, y, z) — 00 if and only if J C (x, yY - Further, 
1. vxiJ) — r li and only if 7(J; x, y, z) > 1 and 
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2. V{x, y) is contained in an approximate manifold of J if and only if 

^{J;x,y,z) > 1. 
Let 7 — 7( J; x, y, z). For g € J, define 

(13) [g]^yz = ^ hijkx'y^z^. 

(»+j)7+fe='"7 

There is an expansion 

(14) g = [g\xyz + X! bijkx'y^z''. 
Define 

A = I j) I ^ _ (^-1- j) = l-,i+ 3 <'r, and hijk for some g G j| . 
Then for g & J, 

(15) = ig(a;,y) + ^ bij^^^r-i-j)x'y' z^'^''-'-^\ 

where Lg(.T, y) = J2i+j=r bijox'y^ ■ 

Regular parameters x, y,z in T will be called good parameters for J if i^{JT) = r 
and r( JT) = 2, where T = T/zT. 

If vt{J) = T and t( J) = 2, then regular parameters x, y,z in T such that V{x, y) 
is an approximate manifold of J are good parameters for J. 

Definition 9.1. Suppose that x, y, z are good parameters for J and vt{J) = r. Then 
J is solvable with respect to x,y,z if •y = 7( J; x, y,z) € N and there exist a, /? e k 
such that 

[g]xyz = Lg{x - az^,y- I3z^). 
for all g £ J with urig) = r. 

Lemma 9.2. Suppose that x, y, z are good parameters for J, vt{J) = t and Sing^{J) 
is the maximal ideal ofT. Then there exists a change of variables 

n n 
Xi^X-^ aiZ\ yi=y Piz'' 
i=l i=l 

such that J is not solvable with respect to xi,yi,z. 

Proof. If there doesn't exist such a change of variables then we construct series 



oo 

Xoo=x-^ aiz\ y^ = y-^ Piz~ 
i=l i=l 

such that 7(J; Xoo, Voo, z) = oo, and thus 

oo 

J C (x - ^a,z\y - ^ A^O*^ C T, 

i=l i-1 

a contradiction to our assumption that Sing^( J) is the maximal ideal of T. □ 

Observe that if ^'t(^) = t{J) ~ 2, x, y, z are good parameters for J and J is not 
solvable for x, y, z, then 7( J; x, y, z) > 1. 



oo 
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Lemma 9.3. Suppose that vt{J) — r, t{J) — 2, Sing^{J) is the maximal ideal ofT, 
X, y, z are good parameters for J and J is not solvable with respect to x, y, z. 

Suppose that Ti is the completion of a local ring of the blow up of the maximal ideal 
ofT such that the weak transform Ji of J in Ti satisfies VTiiJi) = r and t(Ji) = 2. 
Then 

1. Ti has regular parameters xi,yi,zi defined by 

(16) X ^ xizi,y ^ yizi,z ^ zi. 

2. xi,yi,zi are good parameters for Ji andV{xi,yi) is an approximate manifold 
ofJi- 

3. 7(Ji;a;i,?/i,2i) = 7(J;x,y,z) - 1. 

4. Ji is not solvable with respect to Xi,yi,Zi. 

Proof. Assertion 1 follows from Lemma 15.11 as V{x,y) is an approximate manifold 
for J. Assertions 3 and 4 follow from substitution of ^ in ^ and p5)) . 

Since we are assuming that t( Ji) = 2, we have that there exist a, /? G k such that 
an approximate manifold of Ji has the form 

(17) V{xi + azi,yi + Pzi), 

and xi, 2/1, zi are good parameters for Ji. 

Since we are assuming that iy'Ti (>/i) = we have 7( Ji; xi, j/i, zi) > 1. If 7( Ji; xi, zi) > 
1, then V{xi,yi) is an approximate manifold of Ii. 

Suppose that 7(Ji;a:i,yi, zi) = 1. For g ^ J with vrig) = r and gi — S^, we have 

vtA9i) = r, and 

Since 7(Ji; Xi, j/i, zi) — 1, [ffiji^iyizi is the r-leading form of gi with respect to 
Xi,j/i,zi. By ()17|) . there exists a form ^'^(u,?;), which depends on such that 

[ffilxiyizi = *g(a;i + azi,yi + /3zi) = Lg{xi,yi) + ziVL 

where 57 € Ti and Lg{x,y) is the r-leading form of g with respect to x,y,z. Setting 
zi = 0, we have Lg{xi,yi) = ^'g(a;i, ?/i), so that 

[gihtytzt = Lg{xi + azi,yi + /3zi). 

We conclude that Ji is solvable with respect to xi,yi,zi, a contradiction to the 
assumption that j{Ji; xi, yi, zi) = 1. □ 

We now prove that (fTT|) cannot have infinite length. 

Since T{qi) = 2 for all i, the assumption that (llip is infinite and Lemma 1 5 . 1 1 implv 
that for all i, Sing^(/i) is the maximal ideal of Ri and iJi+i is the completion of a 
local ring of a closed point of the blow up of the maximal ideal of Spec(i?i). 

Moreover, T{q) = 2 implies that there exist regular parameters {x,y,z) in Rq such 
that V{y,z) is an approximate manifold of Iq, and thus x,y,z are good parameters 
for Iq. 

By Lemma 19.21 there exists a change of variables in Rq so that we find good 
parameters x,y,z for Iq such that Iq is not solvable with respect to x,y,z. Set 
^{Qq) ^l{Io]x,y,z). 

By Lemma 19.31 we can inductively define positive rational numbers ^{q-n) such 
that ^[qn+i) = ^{qn) — 1 for all n, giving a contradiction if (llip has infinite length. 
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10. Reduction When T(q) = 1. 

This is the most interesting and difficult case. The proof is based on Hironaka's 
termination argument in [H2j . 



10.1. Definition of il. In this subsection we define SI for an ideal / in a power series 
ring T of three variables, over an algebraically closed field k. 

Suppose that x, y, z are regular parameters in T, and r is a positive integer. 

For g ^ T, we have an expansion 



9 = 2^0ijkX yz 
with bijk = bijkig) G k. We define 

A = A(/: x,y,z) = I ( — , ) £ I fc < r and 6^,^ for some gel 
y\r — k r — k J 

Let |A(/; x, y, z)\ be the smallest convex set in such that A C |A|, and (a, b) G 
|A| implies {a + c,b + d) S |A| for aU c, d > 0. For 7 £ R, let S{j) be the line through 
(7, 0) with slope -1. 

Suppose that |A| 7^ 0. We define axyz{I) to be the smallest o appearing in any 
{a,b) e |A|, (3xyz{I) to be the smallest b such that {axyz{I),b) e |A|. Let ^xyz{I) 
be the smallest number 7 such that S{"f) fl |A| 7^ and let dxyz{I) be such that 

ilxyzil) - Sxyz{I),Sxyz{I)) IS the lowCSt point on Si'^xyzil)) n |A|. {axyz{I),fixyz{I)) 

and {jxyzil) — Sxyz{I),Sxyz{I)) are vertices of |A|. Define €xyz{I) to be the absolute 
value of the largest slope of a line through [ctxyzil), Pxyz{I)) such that no points of 
A I lie below it. 
We now define 

X, y, z) = {(3xyz{I), \Y\iOixyz{I)), 

which is in the ordered set (by the Lex order) 

(1n)x(QU^)x(1n 
We observe that: 

1. The vertices of |A| are points of A, which lie in the lattice -pZ x -pZ. 

2. vr{I) < r holds if and only if |A| contains a point on S{c) with c < 1 which 
holds if and only if there is a vertex (a, b) with a + b < 1. 

3. axyz{I) < 1 if and only if / ^ (x, zY . 

4. A vertex of | A| lies below the line & = 1 if and only \i I (y, zY . 

10.2. Well preparation. {x,y,z) will be called good parameters for / if vril) — r 
and boor 7^ for all g E I such that vrig) = r. Good parameters exist if t(/) = 1. 

Suppose that vt{,I) = r and and {x,y,z) are good parameters for /. Let A = 
A(7; X, y, z) and suppose that (a, b) is a vertex of |A|. Define 

S(a,b) = \ k\k <r, and (;;— 7~~fc -* " 



For g G I, define 



{9}xyz — boOrZ^ + ^ &a(r-fc),6(r-fc),fe^°^'' ''^ V 



a{r — k)^ib{r — k)^k 



fceSf, 



Resolution of singularities for 3-folds 



29 



We will say that the vertex (a, 6) is not prepared on |A| if a,b are integers and 
there exists 77 G k such that 

for every g € I with i^rig) — We will say that the vertex (a, b) is prepared on | A| 
if such an 77 does not exist. 

If the vertex (a, b) is not prepared, then we can make an (a, b) preparation, which 
is the change of parameters 

Zi = z — rix°'y^ . 

If all vertices (a, b) of | A| are prepared, then wc say that (/; x, y, z) is well prepared. 

Lemma 10.1. Suppose that i>t{I) = r, t{I) — I, and {x,y,z) are good parameters 
of I. Then z = is an approximate manifold of I if and only if the vertices (0, 1) and 
(1,0) are prepared on \ A{T,x,y,z)\. 

Proof. Suppose that (0,1) and (1,0) are prepared on |A(/; x, z)|. Since t(/) = 1, 
there is a linear form ax + by + cz with a, 6, c G k such that V{ax + by + cz) is an 
approximate manifold of /. For each g £ I with vrig) = there exists ^ dg S k 
such that the r-leading form of g is dg{ax -\-by -\- czY . 

As {x,y,z) are good parameters for /, 6oor(5) 7^ 0, so we must have c 7^ 0. If 
a ^ 0, then (1,0) is a vertex of |A(/; a;, y, z)|, which is not prepared since for 5 G / 
with vrig) — 

Thus a = 0. If 6 7^ 0, then (0, 1) is a vertex of \A{I;x,y, z)\ which is not prepared 
since for g (z I with vxig) — f, 

{9}^°y'J=d,c^{z + -^yy. 

Thus a = b = and z = is an approximate manifold of /. 

The proof of the converse also follows from the above arguments. □ 

Lemma 10.2. Consider the terms in the expansion 

(18) h = J2 V"-^ (J) a;^+('=-^)-y^+('=-^)''z,^ 

obtained by substituting z\ — z — r\x°'y^ into the monomial x'^y^ z^ . Define a projection 
for (a, 6, c) G N'' such that c < r, 

n{a,b,c) = (— — ^). 

r — c r ~ c 

1. Suppose that k < r. Then the exponents of monomials in U8\) with nonzero 
coefficients project into the line segment joining (a, 6) to (;rrj:, ^zi;)- 

a. If {a,b) — {:;ri^, 7^)7 then all these monomials project to {a,b). 

b. If{a,b) ^ (t^j 'F-k)' ^^s^ x^y^Zi is the unique monomial in il8\) which 
projects onto (73^, TZ^:)- monomial in il8\} projects to {a,b). 

2. Suppose that r < k, and (i,j,k) ^ (0,0, r). Then all exponents in il8\) with 
nonzero coefficients and z\ exponent less than r project into 

((a,6) + Q|„)-{(a,fe)}. 

3. Suppose that (i,j,k) = (0,0, r). Then all exponents in mS\) with nonzero 
coefficients and zi exponent less than r project to (a, 6). 
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Lemma 110.21 is proved by a straight forward calculation. We deduce Lemma 110.31 
from Lemma [10.21 

Lemma 10.3. Suppose that the vertex (a, b) is not perpared on | A|, and zi — z~r]x°"y^ 
is an (a, b) preparation. Then 

1. |A(/;x,y,zi)| C \A{I;x,y,z)\-{{a,b)}. 

2. // {a',b') is another vertex of \A{I; x,y, z)\, then {a',b') is a vertex of 
\A{I; x,y, zi)\, and for g E I with vrig) = t, {9}xyzx obtained from 
{g}% y z substituting zi for z. 

Lemma 10.4. Suppose that Sing^{I) has dimension < 2, vt{I) = '''(/) — 1 and 
{x,y,z) are good parameters for I. Then there is a formal series 6 k[[x,y]] 

such that under the substitution z = z\~ y), {x, y, zi) are good parameters for I 
and (/; a:, y, zi) is well prepared. 

Lemma 110.41 is proved by successive removal of vertices which are not prepared, 
using Lemma 110.31 

Remark 10.5. It is not always possible to well prepare after a finite number of 
preparations, so that zi could be a formal series in z,x,y. An example is given in 
Example 7.19^. 

10.3. Very Well Preparation. We will also consider change of variables of the form 

vi=y- vx'^ 

for 77 e k, n a positive integer, which we will call translations. 
Lemma 10.6. Consider the expansion 

(19) h = j2v'~^('X^+^^-^^-yiz'' 

obtained by substituting yi — y — rjx" into the monomial x^y^z'^. Consider the pro- 
jection for (a, 6, c) G N'^ such that c < r defined by 

7r(a,5,c) = (— — ^). 

r — c r — c 

Suppose that k < r. Set {a,b) = {jz^, ipz^)- Then x^y{z'' is the unique monomial in 
ilSH) whose coefficients project onto {a,b). All other monomials in \19\) with non-zero 
coefficient project to points below (a, 6) on the line through {a,b) with slope — i. 

Lemma 110.61 is proved by a straight forward calculation. We deduce Lemma 110.71 
from Lemma IIO.6I and the definition of well preparedness. 

Lemma 10.7. Suppose that {T,x,y,z) is well prepared, yi = y — rfx" is a translation, 
and Zi = z — ipi^j Hi) is a subsequent well preparation. Then 

OLx,yt,zt{I) ^ Ctxyzil), Px,yi,ziil) ^ Pxyz{I) and ^x,yi,zAl) ^lxyz{I)- 

Definition 10.8. Suppose that I ^ R is an ideal such that vt{I) — r, t{I) = 1, 
Sing^(I) has dimension < 2 and (x, y, z) are good parameters for I . Let a ~ axyz{I), 
P = fixyz{I), 7 = lxyz{I), 5 = 5xyz{I), £ = ixyz{I). {T,x,y,z) Will be Said to be very 
well prepared if it is well prepared and one of the following conditions holds. 

1. (7 ^6,5) ^ (a, (3) and if we make a translation yi ^ y ~ rjx, with subsequent 
well preparation Zi — z 5'(x,?/i), then 

axy.z, (I) = a, (3xy,z, (I) = /3, -fxy.z, (/) = 7 
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and 



5-. 



(/) < 6. 



2. (7 ^ 5,5) ~ {a, (3) and one of the following cases hold: 

a. e = 

b. e 7^ and ^ is not an integer 

c. e 7^ and n — ^ is a (positive) integer and for any ?7 £ k, i/j/i = y — rjx^ 
is a translation, with subsequent well preparation Zi ~ z — ^/(x,yi), then 
Sxyizi{I) = £• Further, if {c,d) is the lowest point on the line through 
{a, (3) with slope —e in \A{I; x,y, z)\ and (ci,c?i) is the lowest point on 
this line in \ A{I; x,yi, zi)\, then di < d. 

Lemma 10.9. Suppose that I C T is an ideal such that vt{I) — f, ^{1) — Ij 
Sing^{I) has dimension < 2 and {x,y,z) are good parameters for I. Then there are 
formal substitutions 

z\ = z~ "^{x, y), yi=y- 
where {x , y) , 4'{x) are series such that (I; x,yi, zi) is very well prepared. 

Proof. By Lemmas 110.41 and 110.71 '^6 can find good parameters x,y,z for / such 
that (J; x, y, z) is well prepared, a, (3, 7 do not change under translation yi = y — rjx 
followed by subsequent well preparation, and 5 is maximal. If (7 — 5,5) ^ {a, (3), then 
we have achieved case 1 of Definition 110. 8| so that (/; x, y, z) is very well prepared. 

We now assume that (/; x, y, z) is well prepared, and (a, /3) = (7 — (5, (5) . If e = 
or is not an integer then (/; x, y, z) is very well prepared. 

Suppose that n = i is an integer. We then choose ry G k such that with the 
translation yi ~ y ~ jyx", and subsequent well preparation, we maximize d for points 
(c, d) of the hne through [a, (3) with slope — e on the boundary of \/S.{I;x,yi, zi)\. By 
Lemma 110.71 a, (3 and 7 are not changed. If we now have that d ^ (3, we are very 
well prepared. 

If the process does not end after a finite number of iterations, then we construct 
formal series y' = y — (j){x) and z' = z — tp{x,y) such that \A{I;x,y',z') \ has the single 
vertex {a, (3), and (/; x, y' , z') is thus very well prepared. □ 

10.4. EfTect of a permissible blow up on A. 

Definition 10.10. Suppose that I d T is an ideal such that vril) = r, t{I) = 1, 
Sing^{I) has dimension < 2, and {x,y, z) are good parameters for I. 

We consider 4 types of transformations T — > Ti, where Ti is the completion of 
the local ring of a blow up of T , and Ti has regular parameters (xi, 2/1,2:1) related 
to the regular parameters {x,y,z) of T by one of the following rules. In all cases, if 
i>Ti{Ii) —T and t{Ii) = 1, then {xi,yi, Zi) are good parameters for Ii. 



Trl 



Sing^{I) = V{x,y,z), 



X = xi,y ^ xi{yi +r/),z = xiZi, 
with 77 G k. Then Ii — -p'lTi is the weak transform of I in Ti. 



Tr2 



^1 

Sing^{I) = V{x,y,z), 



Then Ii 
Sing^{I) 



X = xiyi,y = yi,z = yiZi. 
■ipITi is the weak transform of I in Ti. 



Tr3 




Then Ii 



X = xi,y = yi,z = Xizi. 
-KrlTi is the weak transform of I in Ti. 
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Tr4 Sing,{I)^V{y,z), 



Then Ii — \lTi is the weak transform of I in Ti. 

Lemma 10.11. Suppose that assumptions are as in Definition \10.10\ Further suppose 
that (x, z) and [xi, yi, zi) are related by a transformation of one of the above types 
Trl - Tr4-, and VTiili) ~ t, t(1{) = 1. Then there is a 1-1 correspondence 

a : A{I,x,y,z) A(/i, xi, yi, zi) 

defined by 

1. a(a, b) — (a + b — l,b) if the transformation is a Trl with rj = 0. 

2. cr(a, b) — (a, a + b — I) if the transformation is a Tr2. 

3. cr(a, 6) = (a — 1, 5) if the transformation is a Tr3. 

4. cr(a, b) — (a,b — 1) if the transformation is a Tr^. 

The proof of Lemma 110.111 is a straight forward calculation. We deduce Lemma 
llOJJfrom Lemma [Toni 

Lemma 10.12. In each of the four cases of the preceeding lemma, ifa{a,b) — (ai,6i) 
is a vertex o/ 1 A(/i; xi, j/i, zi)|, then (a, b) is a vertex of\A{T,x,y,z)\, and if (/; x,y,z) 
is {a,b) prepared then {Ii;xi,yi, zi) is (ai,5i) prepared. In particular, (/i; xi, yi, zi) 
is well prepared if (J; x, y, z) is well prepared. 

Lemma 10.13. Suppose that assumptions are as in Definition \10.lO\ and {x,y,z) 
and {xi,yi, zi) are related by a TrS transformation. Suppose that vxiili) = t cind 
r(/i) = 1. If(T,x,y,z) is very well prepared, then (Ii; xi,yi, zi) is very well prepared, 

Pxiyizi {II ) = Pxyz{I), ^xiyizi {II) = Sxyz{I), ^xiyizi (A) = ^xyz{I) 

and 

OLx^y^zAh) = a^yzil) ^ 1 , 7a;ij/izi (A ) = lxyz{I) - 1- 

We further have Sing^Ii) C V{xi, zi). 

Proof. Well preparation is preserved by Lemma llO.121 We deduce from the definition 
of TrS that (/i; xi, yi, zi) is also very well prepared. 

Since Sing^(/) = V{x, z), we have Sing^(/i) C V{xi), the exceptional divisor of our 
TrS transformation. Sing^(/i) is either the maximal ideal, or the germ of a nonsingular 
irreducible curve, by Lemma l5.2l 

Suppose that Sing^ (/i ) is a nonsingular curve C. Then C has formal local equations 

C30 

xi ^ zi - ^oty* = 
t=i 

for some a* G k by Lemma lOI Suppose that 5 G / with VT{g) — r. Expand 

00 

.9 = ( 5Z ^Kkx"y'z^)^h 

i+k—r j—0 



with h e {x, z) 



with ^ e Ti. 



r+l 



Yh]ky{z'l) \ +xi^j^ 

i+k=rj=0 J 
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t^ri^) = r and ^ G {xi,zi -Y^'^iatylY implies 

OO OO 

X! KkVi^i = boor{zi - ^ atvly. 

Thus 

OO 

g = boQriz - ^ atxy^-y + h. 
t=i 

Suppose that at ^ for some t. Let io be the smallest value of t for which at ^ 0. 
Then (q!,/3) = (l,to)) since / C (x, z)''. But (l,io) is then a vertex of | A(/; a;, y, z)| 
which is not prepared, a contradiction. Thus Of = for all t and C — V{x,zi). We 
conclude that Sing^(/i) C V{xi,zi) 

The remaining statements of the lemma follow from Lemma llO.llI 

□ 

Lemma 10.14. Suppose that assumptions are as in Definition \10.10i (x,y,z) and 
{xi,yi, zi) are related by a Trl transformation with rj = 0, {I;x,y,z) is very well 
prepared and VTiili) — t(/i) = 1. Let {Ii; xi,y' , z') be a very well preparation of 
(/i;a;i,yi,zi). Let 

a = axyz{I), P ^ (ixyz{I),l ^ lxyz{I),5 ^ 5xy:,{I),e ^ e^y^il), 

ai = aa;iy'z'(/l),/3l = Pxty'z'{h),ll = lxty'z'{h),5i = 5x^yiz'{Il),ei = exty'z'{h)- 

Then 

{Pi, - ,ai) < (/3, -,a) 
e 1 e 

in the lexicographical order. If (3i — (3, and e ^ 0, then ^ = ^ — 1 . 
We further have Sing^.{Ii) C V{xi, z'). 

Proof, (/i; xi, yi, zi) is well prepared by Lemma [10. 121 

Let a : A(I;x,y,z) — > A(/i; xi, j/i, zi) be the 1-1 correspondence of 1 in Lemma 
110.111 which is defined by a{a, b) — {a + b — l,b). a transforms lines of slope m ^ —1 
to lines of slope and transforms lines of slope -1 to vertical lines. 

We deduce the formulas for transformation of a, (3, 7, 5, e from consideration of the 
effect of a Trl transformation followed by very well preparation on (/; x, y, z) in the 
different cases of Definition 110.81 We need the assumption Sing^(/) — V{x,y,z) so 
that < 1, to conclude that ai < a if e = 0. 

By Lemmas 15.11 and l lO-l) Sing^(/i) C V{xi,zi). If Sing,,(/i) = V{xi,zi), then 
all vertices of |A(/i; xi, 2i)| have the first coordinate > 1, and thus Sing,.(/i) = 
V{xi,z'). 

□ 

Lemma 10.15. Suppose that assumptions are as in Definition \10.lOl (x,y,z) and 
{xi , ?/i , zi ) are related by a Tr2 or a Tr4 transformation and (/; x,y, z) is well prepared. 
Suppose that vxiili) = f CLnd t(/i) = 1. We have that (Ii; xi,yi, zi) is well prepared 
and Sing^(Ii) C V[yi,zi). Let {Ii; xi,y' , z') be a very well preparation. Then 

Pxi,yi.,zi{Il) = Pxi,y'.,z'{Il) < Pxyz(I)- 

Proof. First suppose that T — > Ti is a Tr2 transformation. The correspondence cr : 
A(/; X, y, z) A(/i; xi, j/i, zi) of 2 in Lemma flO.lll is defined by a{a, b) = (a, a+fe— 1). 
a takes lines of slope m to lines of slope m + 1 Thus 

(a:Jij,i2i(/l),/3a:iyi^i(/l) = {oLxyziJ) ■, axyz{I) ^' Pxyz{I) - 1). 
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Since Sing^(/) = V{x, y, z) by assumption, we have axyz{I) < 1, and thus 

(/i; xi, zi) is well prepared by Lemma fl 0.121 Thus the vertex [ax^y^zi Pxiyizi {h)) 
is not affected by very well preparation. We thus have Pxiy'z'ili) < Pxyz{I)- 

Now suppose that T — > Ti is a Tr4 transformation. The 1-1 correspondence a : 
A(/; X, y, z) A(/i; xi, yi, zi) of 4 in Lemma [10.111 is defined by a{a, b) = (a, 6 — 1). 
Thus (ix^y^ziih) < Pxyz{I)- {Ii]Xi,yi, zi) is well prepared by Lemma [10.121 and 
the vertex {axiyizx{Ii), Pxxyxzx{Ii)) is not affected by very well preparation. Thus 

Pxiy'z'{Il) = Pxiyiziih) < f3xyz{I)- 

The proof that Sing^(/i) C V(yi, zi) is as in the proofs of Lemma l 10.131 and Lemma 
[T0l4l □ 

Lemma 10.16. Suppose that p is a prime, s is a nonnegative integer and rg is a 
positive integer such that p /ro. Let r — rop*. Then 

1. (^) = mod p, if p'^ /A, < X < r is an integer. 

2. (jj^ps) = (\°) mod p, if < X < rg is an integer. 

Proof. Compare the expansions over Zp of {x + yY = {x^ + y^ Y^> . □ 

The following theorem is the most delicate part of the proof, where we really see 
the difference between characteristic and characteristic p. 

Theorem 10.17. Suppose that assumptions are as in Definition \ 10.1 (A {x,y,z) and 
(xi,?/i,zi) are related by a Trl transformation with rj ^ and {I;x,y,z) is very well 
prepared. Suppose that lyTiih) — f, Tih) = 1 and I3xyz{l) > 0. Then there exist 
good parameters {xi,y'i, z'l) in Ti such that {Ii;xi,y'i, z'l) is very well prepared, with 
Pxt,y[,z[{h) < f3x,y,zil) and Sing^{Ii) C V{xi,z[). 

Proof. Let a = axyz{I), P = Pxyz{I), 7 = lxyzi.1), 5 = Sxyzi.!)- Lemma [lOlI] implies 
z = is an approximate manifold of /. Thus since r(/) = 1, 

(20) a + /3>l. 

Apply the translation y' — y — rjx and well prepare by some substitution z' — z — 
^{x,y'). This does not change a, (3 or 7. Set S' = Sx.y',z'{I)- 

First assume that 5' < (3. We have regular parameters (xi^yi,'zi) in Ti such that 
x = X\, y' = xiyi, z' = x\Z\, so we have, by 1 in Lemma [10. Ill a 1-1 correspondence 

a : A{I;x,y',z') A{Ii;xi,yi,zi) 

defined by a{a, b) — {a + b — 1, b). (/i; xi, yi, zi) is well prepared by Lemma [10.121 
Since 6' < (3, the line segment in \A{I; x,y' , z')\ through (a,/3) and (7 — S',S') has 
slope < —1, so it is transformed by cr to a segment with positive slope or a vertical 
line in |A(/i; a:i, j/i, zi)|. We have that for ai = axiyiziih) and f3i = Pxiyiziih), 
(ai,/3i) = cr(7 — 6',S') and (3i = S' < (3. Since (/i; xi, j/ijZi) is well prepared, very 
well preparation does not effect the vertex by Lemma [10.71 After very well 

preparation, we thus have regular parameters xi,y'i, z[ in Ti such that (/i; xi,y[, z[) 
is very well prepared and l3xi,y[,z[{h) < I3xyz{l)- Sing^(/i) C V{xi,z'Y} as in the 
proof of Lemma [10. 141 

We have thus reduced the proof to showing that 5' < (3. 

If (a, /?) 7^ (7 — (5, we have 5' < 5 < (3 hy Lemma [10. 7[ since (/; z, y, z) is very 
well prepared. 

Suppose that [a, (3) — (7 — 5, 5). Set 

1^= gN^ I fc<r and (-^,^:^ =(a,/3)|. 
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For g — ^aijkX^y^z^ G /, with i^rig) — r, set 

By assumption, (a,/?) is prepared on |A(/; x, z)|, which imphes that if a,/? are 
integers, then there does not exist Ask such that 

aoorz'' + Fg = floor - Xx°'y'^y 
for all g G / with vxig) — f- Moreover, 

(21) Fg{x,y,z) = F,{x,y' + rjx,z)= ^ ^ a,,,,?^ Q 

{i,],k)£W \=0 ^ ^ 

By Lemma 1 10. 61 the terms in the expansion of g(x,y' + r]x, z) contributing to (7,0) 
in |A(J; x, y' , z)\, where 7 = 0; + /?, are 

^ff,(7,o) = a.jkV' x^+^ z^ . 

If (/; X, y' , z) is (7, 0) prepared, then 8' = Q < j3. Suppose that (7, 0) is not prepared 
on |A(/,x, J/', z)\. Then 7 e N, and there exists t/j e k such that for all 5 e / with 
I'Tig) = r, 

(22) aoor(2; - i>x''Y = aoorz'' + -Fg,(T,,o), 

so that, with lo = ^ G k, for < fc < r, we have for g E I with vrig) = f- 
1- If ir-k) ^ (in k) then i = a{r - k),j = /3(r - fc) G N, and 

(23) Gijk = floor 

2. If i = a{r - k),j = /3(r - fc) G N and (^^J = (in k), then a^fc = 0. 

Thus by Lemma [lOlIl for (i,j,fc) G W, fl„fc = if /fc. 

If k has characteristic zero, we obtain a contradiction to our assumption that (7, 0) 
in not prepared on |A(/, x, y' , z)\. Thus — S' < /3 ii k has characteristic zero. 

Now we consider the case where k has characteristic p > 0, and r = p'^ro with p /ro, 
''o > 1- Then by Lemma Tl 0.161 for {i,j,k) G W, we have Uijk = if p'' J/fc, for all 
g € I with lyrig) = r. By ([23]), and Lemma [10.161 we have that i — ap'^ ,j = Pp" G N, 
and for all 5 G / with I'rig) — we have that fl^ j (ro-i)p= 7^ 0. 

We have an expression /3p* = ep* where p /e. Suppose that t > s. Then /5 G N, 
which implies that a = 7 — /3 G N, so that for all g d I with vrig) — f, 

aoQr{z + UJx"y^Y = floor^'' + ^"5, 

a contradiction, since (a, /3) is by assumption prepared on |A(/; x, y, z)\. Thus t < s. 
Suppose that e = 1. Then /? — p*"'' < 1 and a < 1 (since we must have that 
Sing^(/) — V{x,y,z)) which implies (since 7 is an integer) that ^ — a + f3 — 1, a 
contradiction to Thus e > 1. Also, 

aoorZ^ + Fg = aooriz''' +L^'''x'^P'y^P'y° 

(24) = floor (^^° +t^''°a;"P(2/' + 77a;)'^P')'^o 

= aoorizP" + ivP" x°'P'' [{y')P' +T]P'xP*]''y°. 
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Now make the (7, 0) preparation z ~ z' — vPlox^ (from ([22l) ) so that (/; x, y' , z') is 
(7, 0) prepared. For g £ I such that vrig) = r, let Gg — aoorz''' + Fg. Then 



Go 



aoor [{zY + euP'Y^'~^HyYx''P'+P'^'-^') + {v'fp'n{x,y')) 



floor 



+A2(a;,y')(^'r^<'^°"'^ + --- + Aro(x,2;') 

for some polynomials (which depend on g E I), Vt{x^ y'), A2, . . . , A^g, where (y'yP* \ A^ 
for all i. All contributions of <S'(7) fl | A(/; x, y' , z')\ must come from these polynomials 
Gg, for g € I with vxig) = f since k is infinite. Recall that we are assuming 
(a, /?) = (7 — <5, 5). The term of lowest second coordinate on 5(7) n |A(/; x, y' , z')\ is 

/ ap'^ + p*(e — 1) 



(a,6) 



which is not in since t < s, and is not {a,f3) since e > 1. (a, 6) is thus prepared 
on |A(/; a;, y', z')|, and 

pS pS 

□ 

10.5. Construction of the sequence n{qn). 

Theorem 10.18. For all n £ N, there are good parameters {xn,yn, Zn) for In = 
{X„ )q„Rn in Rn such that 

^{In+lTXn+l,yn+l, Zn+l) — {Pn+l , -^^^ , Oin+l) 
<C (/ri 5 7 yn i ) (/-^n : ~ ; ) ■ 

Further, i//3„+i = /3„, e„+i ^ e„ and ^ ^ 00, t/ien 



Proof. Wc inductively construct regular parameters {xn,yn, Zn) in i?„ such that {xn,yn, Zn) 
are good parameters for /„, Sing^(/„) C V{xn,Zn) or Sing^(/„) C VijjmZn) and 
{In; Xn,yn, Zn) is wcll prepared. If Sing^(/„) C V{xn,Zn), we will further have that 
(/„; Xn, yn,Zn) is very well prepared. Let ri„ = fl{In; Xn,yn, Zn). 

We first choose possibly formal regular parameters (a;, y, z) in R which are good 
parameters for /, such that |A(/; y, z)\ is very well prepared (see Remark llO.Sp . By 
Lemma riO.li z = is an approximate mainfold for /. Let a = ctx.y,z{I), P = f^x.y,z{I)- 

By our reduction in Section [H g is isolated in Sing^ {I) . 

Suppose that regular parameters {xi,yi,Zi) in Ri have been defined for i < n as 
specified above. 

If Sing^(/„) = V{yn,Zn), then i?„ Rn+i must be a Tr4 transformation, by 
Lemma l5.ll since V{zn) is an approximate manifold of /„. i?„+i has regular param- 
eters Xn+i,yn+i,Zn+i defined by 

/ / II 

Xn — X^j^i,yn — Vn+lT Zn — Z/n+l^n+l' 

Thus (/„+i ; a^'i+i , y'n+i , z^i+i ) is well prepared by Lemma riO.151 Further Sing^ {In+i ) C 
V{yn+i,z'n+i) by Lemma [l0T5| If Sing^(/„+i) = V{x'n+i,yn+i, z'^^^), make a change 
of variables, subtracting a series in Xn_^i, y'n+i from z^_|_i, to very well prepare, with re- 
sulting variables a;„+i, ?;„+i, z„+i. Ot herwis e, set Xn+i = xj^^^^, j/„+i ^ y[^^^,Zn+i = 
z'n+i- We have [3n+i < Pn by Lemma [10. 15[ and Vln+i < ^n- 
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If Sing^(/„) = V{xn,Zn) then (/„; x„, ?;„, z„) is very well prepared. i?„ Rn+i 
must be a Tr3 transformation by Lcmma l5.1l since V{zn) is an approximate manifold 
of /„. -Rri+i has regular parameters Un+i, ^n+i defined by 

Thus (/n+i ;a:„+i ,y„+i, z„+i) is also very well prepared, a„+i < a„ and fi„+i < f7„ 
by Lemma [10. 131 Further Sing^(/„+i) C V{xn+i, z^+i)- 

Now suppose that Sing^(/„) = V(xn,yn, Zn). Then (/„; ) is very well 

prepared, and Rn+i must be a Trl or Tr2 transformation of i?„ by Lemma |5. 11 since 
V{zn) is an approximate manifold of /„. 

If i?ri+i is a Tr2 transformation of i?„ , then Rn+i has regular parameters x'^^j^i, v'n+i^ ^'n+i 
defined by 

Xn — Xn+lVn+li y-n — Vn+li = J/n+l^n+l- 

] Xn+i,yn^i, z'^^i) is well prepared by Lemma 110.151 Further, Sing,.(/„+i) C 
by Lemma Em If Sing^(/„+i) = V{xn+i,y'n+i, Zn_^_l), then make a 
further change of variables to very well prepare. Otherwise, set yn+i — y'n+i^ Zn+i = 
z'^^-^. Pn+i < f3n by Lemma [TUIISl and Qn+i < ^n- 

If Rn+i is a Trl transformation of i?„ , then Rn+i has regular parameters a^^+i , y'n+ii ^n+i 
defined by 

Xn — Xn+1, y-n — (?/n-|-l + , 2n = Xn+i Z„_j_]^ . 

Sing^(/„+i) C V{xn+i,z'^_^_^) by Lemma[5lT] 

If Pn 7^ and 7^ in the Trl transformation relating i?„ and Rn+i, we can change 
variables to Xn+i,yn+i, Zn+i to very well prepare, with Pn+i < Pn, ^n+i < and 
Sing^(/„+i) C V{xn+i,Zn+i) by Theorem [10111 

If 77 = in the Trl transformation of and Xn+i, J/n+i, Zn+i are regular parame- 
ters of Rn+i obtained from Xn+i, y'n+ij -^n+i by very well preparation, then by Lemma 
110-141 (/„+i;x„+i,?;„+i,z„+i) is very well prepared and fln+i < ^n- If Pn+i = Pn, 
and e„ ^ 0, then 

^ = 1-1. 

En+l fin 

Further, Sing^(J„+i) C y(x„+i,z„+i) . 

If Pn = we can make the translation y'n = yn — V^n, and have that {In,Xn,y'nj Zn) 
is very well prepared, and PmJn,Sn,en,cXn are unchanged. Thus we are in the case 
of 77 = 0. □ 

We now prove that (jlip cannot have infinite length. Set Q{qn) ~ ^{In', Xmyn, Zn) 
for n S N. By Theorem IIP. 18[ we have a contradiction if (fTT|) has infinite length, as 
the sequence ri(g„) cannot decrease indefinitely. 

11. Embedded Resolution on a Nonsingular 3-fold 

Our main resolution theorem for ideals on a nonsingular 3-fold, Theorem 15.61 has 
now been proven, in Sections [5] - 1101 

We now deduce embedded resolution of surface singularities (Theorem II. 2p and 
principalization of ideals (Theorem ll.3|) from Theorem 15.61 

To prove Theorem 11.21 we start with TZ — {(l>, E,Ts,V). Let r = v{TZ) and apply 
Theorem 15.61 to produce a sequence of permissible transforms 

Kr ^ 

such that Sing^(7?.„j) = 0. Since X5 is locally principal, the weak transform li of Is 
is the ideal sheaf of the strict transform Si of S on Vi for all i. 
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Now we redefine TZn^ to be (9, En^,2ni,Vn-^). By descending induction on r, we 
produce a sequence of permissible transforms 

such that uiJZn^) — 1. Now redefine 7?.„2 to be (0, i5„2,I„2, T^a)- We have that Sn^ 
is nonsingular, since v{TZn^) = 1. We now apply Lemma [7.31 to TZn^, to construct a 
sequence of permissible transforms 

K ^ K-i ^ > ^^2, 

obtained by blowing up points and curves in the locus where Ei + Si is not a SNC 
divisor, to obtain Vn such that the preimage En + Sn of _E + S* on Vn is a SNC divisor. 

To prove Theorem II. 3[ we observe that we can factor X — J^K, in Ov , where J is 
an invertible ideal sheaf, and the support of Oy/ZC has codimension > 2 in y. Let 
TZ — (0, 0, A^, V) and r = v{TV). By Theorem l5.6[ there exists a sequence of permissible 
transforms 

14i ^ Ki-i ^ ^ V^, 

such that Sing,.(72,„j) = 0. After each permissible transform, we have that the weak 
transform Id of Ki-i is such that the support of OvJKi has codimension > 2 in T^. 
Now redefine 7?.„^ to be (0, 0, A^„j , Vn^). By descending induction on r, we produce a 
sequence of permissible transforms 

Ka ^ K.-i ^ ^ V, 

such that Sing2(7?.„2) = 0. Now we have that Spec(C'y,^^//C„2) is nonsingular, of 
codimension > 2 in Vn^. Blowing up the irreducible components of Spec(Ov'^ l^n^) 
is a sequence of permissible transforms above ; after which the conclusions of 
Theorem II .31 are achieved. 

12. Projection to Points of Small Multiplicity 

In this section we prove Theorem 11.41 the projection theorem which allows us to 
reduce to singularities of small multiplicity. The method is due to Albanese. Our 
exposition is close to Lipman's survey in Llj . We fill in a few technical difficulties. 

Suppose that k is an algebraically closed field. Let W he a. projective variety 
over k of dimension d, with an embedding W C P™. Suppose that q e W. Let 
TT : P'" — > P'"^i be the rational map which is projection from the point q. Let Wi 
be the projective subvariety of P'"-i which is the image of by tt (the closure of 
tt{W — {(?})). Let /i be the multiplicity of the local ring Ow,q- 

Theorem 12.1. The following are true. 

1. fj.< deg W. 

2. Suppose that fi < deg W. Then dim W— dim Wi and 

(25) [W : Wi]deg Wi ^ deg W ~ /i. 

3. Suppose that ji = deg W . Then dim W > dim Wi and W is a cone over Wi 
with vertex q. 

Proof. Let a : Z ^ P™ be the blow up of with exceptional divisor E. Let A : Z — > 
pm-i ^]-^g morphism induced by tt o cr (a resolution of the indeterminacy of tt). 

Let Hf) be a hyperplane of P™ and let Hi be a hyperplane of P"*"^. 

We have a linear equivalence of divisors 

(26) a*iHo)-E^ X*iHi). 
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Let W be the strict transform of W on Z. 

By (|26p . and since a general hyperplane of P™ does not contain q, we have equahty 
of intersection numbers 

(27) Iz^*{Hif ■ W = J^a*{H,f ■ W + J^i-Ef ■ W. 

By the projection formula (Proposition 2.3 [F]), 

j^a* {Hof . W = /p„< • = deg W. 

Let R — Ow,q, M be the maximal ideal of R. Then the scheme-theoretic intersection 
of W and E is 

WnE = Proj(©„>oM"/M"+i), 

and 

Oz{-E)^O^^^^Oy^^j,il). 

Thus by Lemma l473l 

Jzi-Ef -W = -Jr^iW ■ E) ■ {-Ef-^ = -deg WnE = -e{R) = -/i. 
We can now rewrite (1271) as 



(28) Jr^X*{Hif -W ^degW - fi. 
By the projection formula, we have that 

Jz \ ^1 I if dim W > dim W^i 

Substituting into (pS)) . we conclude that /i < deg M^, and fi — deg if and only 
if Wi has dimension < d, which holds if and only if is a cone with vertex q. If 
^1 < deg W, we obtain □ 

We will say that the induced rational map n : W —>■ Wi is a permissible projection 
if < deg W. 

Suppose that is a projective variety. We define c{W) to be the minimum of 
degrees of irreducible curves on W. 

Theorem 12.2. Suppose that K is an algebraic function field of dimension d over an 
algebraically closed field k. Then there exists a projective variety Vq, whose function 
field is K , and an embedding of Vq into a projective space so that Vo is not 
contained in a hyperplane ofP^, and such that 

(29) d! + l>- 

^ ' - (N^d-^JegVo) 

where c = c{Vo). 

Proof. There exists a projective variety V , whose function field is K . Let _ff be a very 
ample divisor on V. 

After possibly replacing H with a high multiple of H, we may assume that 

H\V,Ov{SH)) = 

for all 5 > 1 and i > 0. Thus we have 

h'>{V,Ov(SH})=x{Ov{5H)) 

for all S > 1. H^{V,Ov{SH)) gives an embedding $5 of V into a projective space 
P^^''), where N{6) = h°{V, Ov{SH)) - 1. Let be the image of V. 

Let Hs be a hyperplane section of . By our construction, we have that is 
not contained in a hyperplane of P^'-^\ and ^}{Hs) ^ 5H, so that every curve in 
has degree > S. Thus cs ^ c{V^) > S. 
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We have that ;|rdeg is the coefficient of n'^ in the polynomial x{Ov^{nHs)). 
Since by our construction, x(C'ya (ni?^)) = xiOviSnH)), we see that deg 
V. 

There exist oq, ai, . . . , a^-i G Q such that for all ^ > 0, 

d-l 

N{6) + 1 = xiOviSH)) = -J'^deg F + ^ a,6\ 

Thus 

deg S'^deg V 



N{S) -d- ^deg f deg V + ^to ^^-^^ -l-d- f deg V ' 

Since cs > S for all 6, the limit as S goes to infinity of this expression is d\, and the 
conclusions of the theorem follow with Vq = for S sufficiently large. 

□ 

Theorem 12.3. Let K be an algebraic function field of dimension d over an alge- 
braically closed field k. Let Vq C be as in the conclusions of Theorem ] 1 2. 2[ Then 
there exists a series of permissible projections 

(30) ^ n . . . K 

such that every point on Vn has multiplicity < ^y^'^.y ] ■ 

Proof. Suppose that there exists a point qo S Vq such that qo has multiplicity with 
d! < ^0 < deg Vq. Let ttq be the projection from go. Let Vi be the image of Vq. If 
there exists a point qi G Vi of multiplicity fii with jy-^'^^-^j < < deg Vi, then we 
perform the projection tti : Vi — > V2 from the point qi. After a finite number of steps 
this process must terminate, as the dimension of the ambient projective space drops 
by one after each projection. After the final projection, we have a variety Vn such 
that if g G Vn and the multiplicity /i of q on V satisfies /i > ^y^.y ] ; then /i = deg Vn- 
We see that Vn satisfies the conclusions of the theorem unless Vn is a cone. We thus 
assume that Vn is a cone with vertex q (in the projective space P^~"), and will show 
that this is impossible. 
By ([25|) . we have that 

[Vo : Fildeg Vi = deg Vq - fio < deg Vo ~ d\ - 1. 

We further have that 

d\ 



[Vi : V2]deg V2 < deg Vi 



[Vo : Vi] 
from which we obtain 

[Vo : V2]deg V2 < [Vo : Vi]deg Vi ~ d\ ~ [Vo : Vi] < deg Vo - 2d! - 2. 
Continuing in the way, we obtain 

[Vo : K]deg K < deg Vo ~ n{dl + 1). 
We deduce the inequality 

(31) n{dl + l) <dcgVo. 

There exists a linear subspace L of P ^ of dimension rt — 1 such that 7r„ _ 1 o • • • o ttq is 
induced by the projection morphism "if : P^ — L — > p^^" from L. There exist dense 
open subsets Uo C Vq and [/„ C Vn such that cj) = (7r„_i o • • • o ttq | Uo) : Uo ^ Un is 
a finite morphism, and t/o n L = (so that Vo n ^^^{Un) = Uo)- Let E = Vn - Un- 
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Since k is infinite, and by Bertini's theorem for general hyperplanc sections (Corol- 
lary 3.4.14 and 3.4.10 |FOVj ) . there exists a hyperplane H of p^^" which does not 
contain g, intersects each irreducible component of E generically, and such that the 
scheme theoretic intersection W — H r\Vn '\s a. d — 1 dimensional variety. Vn is the 
locus of lines through q and a point of W . 

By Bertini's theorem for general hyperplane sections, there exist hyperplanes 

Hi, . . . , Hd-i 

of p-'^-" such that each Hi intersects W and every irreducible component of E 
generically. In particular, the scheme-theoretic intersection iJi n • • • n Hd-i n W 
is a reduced set of points of order deg Vn which are contained in J7„. 

For 1 < I < d — 1, let iJi be the hyperplane of p^^" which is spanned by q 
and the linear space Hi n H. By our construction, the scheme theoretic intersection 
i/i n • • • n 1 n y„ is the union of s = deg Vn distinct lines Li, . . . ,Ls, whose generic 
points lie in [/„. 

Let HI,..., H^_^ be the hyperplanes of such that H* n (P^ - L) = -9* (Hi). 
Since Uq Un is finite, the irreducible components of 

i/r n • • • n Hl_i nUo = <l)-\Hin---n H^-i n c/„) 

are curves which dominate the irreducible components oi HiCi- ■ -nHd-iDUn, so there 
are > deg Vn distinct irreducible components of H* n • • • n H^_^ n C/q- By the weak 
Bezout theorem (12.3.1) of }Ab7| . or Example 12.3.1 of the refined Bczout theorem 
of [F], we have that 



(32) degFo>cdegK, 
where c = c(Vb). 

We have that Vn is not contained in a hyperplane of p^-"^ since Vq is not contained 
in a hyperplane section of P^. Thus we have the classical degree bound (Example 
8.4.6 E])> 

deg Vn > N - n - d. 

From we get that 

{N - n - d)c < deg Vq. 

That is, 

(33) N-d - -deg Vo < n. 

c 

Now from ([33|l and ([3T|l . we have 

N~d- -deg Vo < ,, deg Vq, 

c (d! + 1) 

which contradicts the assumption of our theorem. Thus Vn is not a cone. □ 
We now prove Theorem 11.41 

Let notation be as in the statement of Theorem 112.31 By Theorem 112.31 there 
exists a dominant rational map Vq — > Ki such that every point on Vn has multiplicity 
— [ViY^/ ] ■ ^ normalization of Vn in the function field K of Vq, so that the 

function field of is K, and we have a finite morphism : V ^ Vn- By Theorem 
14.21 we have that every point on V has multiplicity < dl. 
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13. Ramification 

In this section, we collect some basic results on ramification of local rings, which 
we will need for our proof of local uniformization in the next section. For more 
details, the book "Ramification Theoretic Methods in Algebraic Geometry" fAb4] by 
Abhyankar is an excellent reference. 

Suppose that i? is a normal local domain with quotient field K, and L is a finite 
extension of K . Let T be the integral closure of i? in L. The finitely many local rings 
5" which are localizations of T and dominate R are called the extensions of R to L. 

R is said to be unramified in L if for every extension of i? to L we have that S 
is residually separable over R and M{R)S = M{S). 

Suppose that X and Y are normal integral schemes, and f : X Y is a finite 
morphism. The branch locus of / is the set of points in Y over which / is ramified. 
The branch locus is a closed subset of Y (cf Theorems 1.44 and 1.44A [Ab4| l. If Y 
is nonsingular, then the theorem of the purity of the branch locus tells us that if 
the function field of X is separable over the function field of Y, then the branch locus 
of / has pure codimension 1 in Y . In particular, if L is separable over K and i? is a 
regular local ring, then R is unramified in L if Rq is unramified in L for every height 
one prime Q of R. 

Suppose that our local ring R is an equicharacteristic complete regular local ring, 
with algebraically closed residue field k. Then i? is a power series ring over k. T is 
itself a complete local ring. Further, if R is unramified in L, then R ^ T (as follows 
from Nakayama's Lemma). 

Suppose that f{Z) e K[Z] is a monic polynomial. Let d{f) K he the discrim- 
inant of /. Suppose that f{Z) factors as f{Z) = [Z — z\) ■ ■ ■ {Z — z„) in a splitting 
field of / over K. Then S{f) = n.^j(^. " ^j)- 

If f{Z) e R[Z], then since R is integrally closed, S{f) G R. 

We compute the discriminant in a case which will be important in the sequel. 
Suppose that \ E K . The discriminant of f{Z) = Z" — A is 

(34) 5{f) = ±n"A"-i 

(This can be computed directly from the definition or from the formula of Exercise 
12 (c) of Chapter IV [L^). 

Lemma 13.1. Suppose that R is a normal local domain with quotient field K , L = 
K{ri, . . . ,rn) is a finite extension field of K, and fi{Z) £ R[Z] are nonconstant 
monic polynomials such that fi{ri) — for 1 < i < n. Suppose that 5{fi) ^ M{R) for 
1 < i < n. Then R is unramified in K[ri, . . . , r„). 

This is (10.17) [Xb7] . 

Lemma 13.2. Let R be a d-dimensional regular local domain with d > 0. Let I'C 
be the quotient field of R and let (yi, . . . , yd) be a basis of M{R). Suppose that L — 

K(zi, . . . , Zd) is an overfield of K where zf^*'' = yi for 1 < i < d, where nii) are 
positive integers. Let S be the integral closure of R in L. Then S is a finite R-module, 
S is a d-dimensional regular local domain, S = R[zi, . . . , z^], M{S) — (zi, . . . , Zd)S , 
S/M(S) = R/M{R), and [L:K]^ n{l) ■ ■ •n(d). 

This is (10.20.1) [Ab7] . 

Suppose that R is one dimensional, and Si for 1 < i < n are the distinct local rings 
of T which dominate R. Let Wi be the integers such that M{R)Si = M{S)^'. Define 
= [S.,/M{Si) : R/M(R)]. We have an inequality 

(35) qiwi H h qnWn <[L : K] 
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(by Theorem 21, Section 9, Chapter V [ZS]). 

We say that R is tamely ramified in L if Wi is not divisible by the characteristic of 
R/M{R) and S^/M{S^) is separable over R/M{R) for all i. 

14. Local Uniformization of Points of Small Multiplicity 

In this section, we generalize the method of Jung [j], for locally resolving singu- 
larities. Our methods are a simplification of those of Abhyankar [Ab7| . We prove 
local unformization of the function field of a 3-fold V whose base field is algebraically 
closed of characteristic > 5 in Theorem 114.41 

Theorem 14.1. Let R be an equicharacteristic, complete regular local domain of 
dimension d > \, whose residue field is algebraically closed (so that R is a power 
series ring over an algebraically closed field Let p be the characteristic of k. 
Suppose that L is a finite extension of the quotient field K of R. Further suppose 
that a regular system of parameters yi, . . . ,yd in R is such that R is unramified in L 
away from V{yi ■ ■ ■ yd), and the one dimensional regular local rings R(yi) are tamely 
ramified in L for I < i < d. 

Then there exists a positive integer n such that p \n, and an inclusion of fields 

K C L C K{zi,...,Zd) 
such that — yi for 1 < i < d. 

Proof. Let T be the integral closure of R in L, Hi — R{yi) for \ < i < d. Let Hi^j for 
1 < i < be the distinct local rings of T which dominate Hi for 1 < i < d. Let 
Wi^j be the integers such that M{Hi)Hi j — M{Hij)'^^-^ . Define 

<7,j = [H,jM{H,j) : H,/M{H,)]. 

Let n be the least common multiple of the w^j . Since the Hi are tamely ramified 
in L, we have that p j/n. 

For I < i < d, choose Zi in an over field of L such that zf — yi. Define polynomials 
= Z" - y, e K[Z] for 1 < z < d. 

Define fields K* = K{zi, . . . , Zd) C L* = L{zi, . . . , Zd). Let R* be the integral 
closure of R in K*, T* be the integral closure of i? in L*. 

Suppose that V* is a one dimensional localization of i?*, and that W* is a one 
dimensional localization of T* which dominates V* . We will show that 

(36) W* is residually separable algebraic over V* and M{V*)W* = M{W*). 

W* dominates a one dimensional localization W ofT and dominates a one dimen- 
sional localization V of R. 

First suppose that V ^ Hi for any i. Since yi .. .yd is a unit in V, and thus also in 
W, we have by (|34p that the discriminant S{fi) ^ M{W) for 1 < i < d. By Lemma 
113.11 W is unramified in L* . Since V is unramified in L, we then have that ([36]) holds. 

Now suppose that V — Hi for some i. Then W = Hij for some j. Choose x G W 
such that xW — M{W). There exists a unit x' € W such that yi — x'x^^-^ . Let 

z = zp-^ x^'^ e L*. Define a polynomial f{Z) = Z^^-^ - x' e L[Z]. We have that 
f{z) = and 6if) ^ M(W) by Further, S{fj) ^ M{W) if j ^ i. Lemma [m] 

thus implies that W is unramified in L' = L(zi, . . . , z, z^+i, . . . , Zd) C L* . 

Let T' be the integral closure of T in L', and let W be the local ring of T' such 
that W* dominates L' . We have that M{W') = xW and W is residually separable 

algebraic over W. Further, L* — L'{zi) and z™''' = zx. Since z is a unit in W' , 
M{W') = {xz)W'. By Lemma [1321 we have that W*/M{W*) = W /M{W') and 
M{W*) = z,W*. It follows that ^ holds. 
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Since we have verified that V* is unramified in L* for all one dimensional local 
rings of R* , and L* is separable over K*, by the purity of the branch locus |N], we 
have that R* is unramified in L*. Since R* is complete with algebraically closed 
residue field, T* = R*. As L* is the quotient field of T*, we have that L* = K*. □ 

Corollary 14.2. Let assumptions be as in Theorem \14.1\ Then there exists a sub- 
group G of Gal{K(zi, . . . , Zd)/K) = ZJ^ such that L — K{zi, . . . , z^)'^ . Let A be the 
integral closure of R in K{zi, . . . , Zd). Then A = k[[zi, . . . , Zd]], and the integral clo- 
sure T of R in L is T — A'~^ . Ln particular, there exist elements Si G T such that T is 
generated by si, . . . , Sm as an R module, and there exist natural numbers a{i,j) such 
that 



_ ail.j) a(2,j) a(rfj) 

— yi y2 yd 



for I < j < m. 



Proof. By its construction, and Lemma 113.21 K{zi,...,Zd) is Galois over K with 
Abelian Galois group isomorphic to ZJ^ and A = k[[zi, . . . , z„]]. K{zi, . . . , Zd) is thus 
Galois over L. Let H = Ga\{K{zi, . . . , Zd)/K) and G = Gal(A'(zi, . . . , Zd)/L) C H. 

Elements of H act on K{zi, . . . , Zd) by multiplying Zi by an n-th root of unity. A'~^ 
is integrally closed, is finite over R and has quotient field L. Thus T — A^. The 
conclusions of the corollary follow. □ 

Lemma 14.3. Let R be a d-dimensional regular local domain with d > 2, which 
is essentially of finite type over an algebraically closed field k with R/M{R) = k. 
Suppose that yi, . . . ,yd are regular parameters in R and f G R is such that f = 
Vi^ ' ' ' y'!i' some natural numbers ai, . . . , Od- Further suppose that e is a positive 
integer. Let n denote the remainder modulo e of an integer n. Let V be a valuation 
ring of the quotient field K of R which contains k, such that V/M(V) = k, and which 
dominates R. Then there exists a sequence of local blow ups 

R — > Ri — > • • • — > i?„ 

along V such that there exist regular parameters xi, . . . ,Xd in the regular local ring 
Rn, a unit e G i?„ and natural numbers bi, . . . ,bd such that 

£ bl hd 

f = tx^ ■■■x/ 

with bi + ■ ■ ■ + bd < e. 

Proof. The proof is by induction on ai + ■ • ■ + a^. Suppose that ai + • • ■ + > e, 
and the assertion of the lemma is true for all values of ai + • ■ ■ + smaller than 
the given value. There exists a unique integer t with 2 < t < d such that for every 
subsequence 1 < w(l) < • • • < u{t — 1) < d we have a^^i^ + • • • + a„(t_i) < e, but 
for some subsequence 1 < < • • • < u{t) < d we have 0^(1) + • • • + > e. 

After possibly reindexing yi, . . . ,yd we may assume that ai + • • • + Ot > e. Let i/ he a 
valuation whose valuation ring is V. After a further reindexing, we may assume that 
i^iyi) < ^{yi) for all i <t. Let 

n nry2 2/3 Vt . 

Hi — n[ — , — , . . . , — \mi 

yi yi yi 

where Mi is the contraction of the maximal ideal of V to R\—, —,...,—]. There 
exist Ai G k for 2 < z < i such that M(Ri) = {y[,. . . , y'^), where 

if i = 1 

y^ = { y'liy^ + ^^) iii<i<t 

if i > t. 
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We then have that 

/ = e'(yir'^(y2r---(2/^r^ 

where 

{ai + a2 + ■ ■ ■ + at if i = 1 
if 2 < i < < and A, 7^ 

ai otherwise 

and e' is a unit in Ri. Since ai + ■ ■ ■ + at — ai < e, ai < e and ai + ■ • ■ + at > e, we 
see that 

(fi = ai + ■ • • + flt — e < fli , 

and hence 

a[ + ■ ■ ■ + a[i <ai + ■ ■ ■ + ad- 
Therefore we are done by induction. □ 

Theorem 14.4. Let L be a 3 dimensional function field over an algebraically closed 
field k of characteristic p > b (or p = 0). Suppose that V is a valuation ring of L 
containing k such that V/M(V) = k. Then there exists a regular local ring A with 
quotient field L which is essentially of finite type over k and is dominated by V. 

Proof. By Theoreni ll.41 there exists a normal local ring S of L which is dominated by 
V, and such that e{S) < p if k has positive characteristic p. Suppose that e{S) > 1. 
There exists a system of parameters xi,X2,X3 in S such that e{{xi, X2, X3)S) = e{S) 
by Theorem 14.11 Let K = 'k{xi,X2,X3) and R — k[a;i, 0:2, xajfj-j j-^^a^g). i? is a 3 
dimensional regular local ring which is dominated by S (by Corollary 1 to Theorem 
12, Section 9, Chapter VIII |ZS| ). There exist ri, . . . , r„ in the integral closure of R in 
L such that L = K(ri, . . . ,r„). For 1 < j < n, there exist nonconstant polynomials 
fj{Z) e R[Z] such that fjirj) = 0. We further have that r^ e S for aU j. Let 
/ = YVj=i ^ifj) G ^ (where 6 is the discriminant). 

By Theorem 11.21 there exists a sequence of local blow ups R Rq along V such 
that / = is a SNC divisor on the spectrum of the regular local ring Rq. Let So be 
the normal local ring which is a local ring of the integral closure of Rq in i, and is 
dominated by V. 

Let K*,Kq,L*,Lq be the respective quotient fields of the respective completions 
with respect to their maximal ideals R*,Rq, S*,Sq of R, Ra, S, Sq. By Theorem 
we may identify K* , Kq, L* , Lq with subfields of Lq. We have L* = K*{L) and 
io = K^{L), since 5** is finite over R* and is finite over R^. 

We will now show that Theorem 114.11 applies to Rq in the field Lq . By Theorem 
14.21 we have 

e(5o) < e(A/(i?o)5o) = e(M(i?5)5o*) - e{Rl)[Ll : K*] 
= [L* : K*] < [L* : K*] 

= e{R*)[L* : K*] = e(M(R*)S*) = e{S*) = e{S). 

In summary, we have 

(37) e(5o) < [LI : i^ol < [L* ■ K*] = e{S). 

We have that = K^{ri, . . . , r„). 

Since / = is a SNC divisor on the spectrum of Rq, there exists a system of regular 
parameters 2/1,2/272/3 in i?0: a unit e Rq and natural numbers ci,C2,C3 such that 
/ — ey'^xv'^y'^ ■ Suppose that Q is a height one prime of R^ which does not contain 
2/12/22/3- Since / = 0^=1 have that (5(/,) are units in {Rq)q for 1 < i < n, 

so that {Rq)q is unramified in Lq by Lemma ll3.11 Thus Rq is unramified in Lq away 
from F(j/i2/22/3)- 
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By ([35|) and the fact that [Lq : Kq] < p hy ([37|l (if k has positive characteristic 
p), we see that for 1 < i < 3, (-Ro)(s/i) tamely ramified in Lq. Thus the conclusions 
of Theorem 114.11 hold for the inclusion Kq C Lq. Now by Corollary 114.21 there 
exists s Lq and a prime number q which is not equal to p, such that g{Z) = 
— 2/1^2/2^2/3^ G ^q[^] is the minimal polynomial of s over Kq for some natural 
numbers 01,02,03. Thus, [Kq{s) : Kq] = q. q[Ll : Kq{s)] = [Lq : Kq] < e{S) implies 
that 

(38) [i*:if*(,)]<£^. 

Now by Lemma [14.31 there exists a sequence of local blowups along V, Rq 
such that i?i has a regular system of parameters zi , 22 , -^3 such that 

yi'yryr = e* {z^^ z^^y z'^^ z',^ 

where e* is a unit in Ri, mi, TO2, m^^ 61, 62, &3 are natural numbers such that 

^1+^2 + ^3 < 9- 

Let 5*1 be the local ring of the integral closure of i?i in L which is dominated by 
V . Let Kl, L\ be the quotient fields of the respective completions with respect to 
their maximal ideals R{ , of i?i and Si . We have 

[LI:KI{s)]<[LI:K*q{s)]<^-^. 

Let F be the local ring of the integral closure of i?i in Kl{s) which is dominated 
by SI- By Theorem 14.21 we have 

e(5i) < e{M{F)Sl) = e{F)[Ll : KHs)] < ( ^) e(5). 



We will now show that e{F) < q, from which it will follow that 6(5*1) < e{S). We will 
then have achieved a reduction in the multiplicity of S from which the conclusions of 
the theorem will follow from induction. 

Let X = s(z7'iz^^z™3)-i. We have = (e*)'?zjiz^^z^-^ e R^. Thus has order 
'^R'Aix'^)) = &i + ^2 + ^3, less than q in Rl and K^ls) = Kl{x). 

First assume that x"^ is a unit in Rl. This is equivalent to fei = 62 = ^3 = 0. Thus 
i?i is unramified in Kl{x), so that F = R{ and e{F) — l<q. 

Now assume that x'' has positive order in R\. We have 

e{F) < [Kl{x) : K*,] < q. 

Assume [Kl{x) : Ki] = q. Then Z"^ — x'^ is the minimal polynomial of x over K^. 
Let F' — Rl[x] C F. F' and F have the same quotient field, and F is finite over F', 
so e{F) <e{F'). Since 

r-k[[zi,Z2,Z3,2]]/(^'^-e*4^22'^Z3^), 

we have e(F') = 61 + 62 + ^3 < g. □ 



15. Patching 



In this section we prove a technical result on patching local resolutions, which we 
will use in the next section to deduce resolution of singularities of a 3-fold from local 
uniformization. 
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Theorem 15.1. Suppose that K is a 3- dimensional algebraic function field over an 
algebraically closed field k. Let N be a set of valuation rings of K which contain k 
and whose residue fields are k. Suppose that Vq and Vi are normal projective varieties 
with function field K such that each element of N dominates a regular point on Vq 
or Vi . Then there exists a normal projective variety W , with birational morphisms to 
Vq and Vi, such that each element of N dominates a nonsingular point of W . 

Proof. Let Z C Vq Vi he the graph of the birational map from Vq to Vi. The 
projection from Z to Vq is a projective birational morphism. Hence Z is the blow up 
of an ideal sheaf 2 C Ovo- Let Uq C Vq be the dense open set of nonsingular points 
in Vo . By Theorem 11.31 there exists a sequence of blow ups with nonsingular centers 
Wo Uq such that TOwo invertible. Wq — > Uq is the blow up of an ideal sheaf 

on Uq. Let J'' be an ideal sheaf on Vq which extends J, and let tti : — > Vq be 
the blow up of J'. 7rj"^(C/o) = Wq and Ii = XOx, is an ideal sheaf on Xi which is 
invertible on Wq. Let V2 — > Xi be the normalization of the blow up of Xi , with induced 
projective morphism tt2 V2 Vq. Let U2 be the nonsingular locus of ¥2- We have 
that Wo = 7r^"'^([/o) C U2 is nonsingular, and by the universal property of blowing 
up, there exists a projective morphism a : V2 — > Vi. Let J7i be the nonsingular locus 
of Vi, and Fg be the Zariski closure in Vi of the fundamental locus of a^^ \ Ui. 

Since a : V2 ^ Vi is projective and birational, V2 is the blow up of an ideal sheaf 
/C in Ovi- 

Let Wi ^ Ui he the principalization of ICOjji of Theorem 11.31 We have a factor- 
ization 

(39) Wi = Xn ^ X„_i ^ >Xo = Ui 

where each map Xi Xi^i is the blow up of a point or nonsingular curve in the 
locus where ICOxi^i is not invertible. 

Since Wi — > J7i is a projective birational morphism, there exists an ideal sheaf Ti 
in Oui such that Wi is the blow up of H. Let H' he an ideal sheaf in Ovi which 
extends H and such that the support of Ovi /H' is the Zariski closure of the support 
of Oui/Ti-, which is equal to F^. Let /3 : V3 — > Fi be the normalization of the blow 
up of H'. Let C/3 be the nonsingular locus of V3. We have that Wi = P~^{Ui) C U^. 
Let 7 : V3 — > V2 be the induced birational map, and 

^ _ r P2 G V2 I P2 is the center of some A € N such that 1 
1^ the center of A on Vi is a singular point J ' 

We have by assumption that L C U2- Suppose that p2 G L. Let pi = a{p2). 
Further suppose that there exists a curve r2 in V2 such that p2 G V2 and r2 is in 
the fundamental locus of 7"^. Then a(r2) C Fg. Now suppose that a(r2) = Fi is a 
curve. Let 771 be the generic point of Fi and 772 be the generic point of F2. By |Ab3j . 
the birational local homomorphism Ovi,rii ^V2,V2 of two dimensional regular local 
rings factors uniquely as a sequence 

(40) Ovi^rii = Ro ^ Rl ^ ■ • ■ ^ Rm = Ov2,r^2 

of blow ups of regular local rings at the maximal ideal, followed by localization at 
a maximal ideal. Further, by the universal property of /C, we have that JCr/iRm is 
invertible, but ICniRi is not invertible for i < m. 
By our construction of the sequence (l39|) . 

V3 Spec{Ovi,-ni) Spec{Ovi.,7ji) 

can be factored as a product of blow ups of points over 771 (which are generic points of 
curves which dominate Fi), at which the extension of the ideal sheaf /C is not invert- 
ible. Comparing with (I40|) . we see that V3 — > V2 is an isomorphism in a neighborhood 
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of 772, a contradiction to our assumption that r2 is in the fundamental locus of 7^^. 
Thus a{T2) — pi, which is a singular point of Vi in Fg. 

It follows that there exists an open subset U2 of V2, which is contained in the 
nonsingular locus U2 of V2, such that L C U2, and the fundamental locus G of the 
birational map U2 ^ V3 is a union of curves containing points of L which contract 
by a to points in the set of points a{L), and possibly of some isolated points in L. 

Let ^2 C f/2 Xk V3 be the graph of the birational map from U2 to V3. There exists 
an ideal sheaf J on U2 such that Z2 is the blow up of J', and the support of Oq^/ J 
is G. By Theorem 11.31 there exists a sequence of blow ups with non singular centers 
transforms W2 U2 such that J^Ow2 is invertible, and W2 U2 is an isomorphism 
away from G. 

Let JT"' be an extension of to V2 such that the support of Oy^ / J^' is the Zariski 
closure of G in V2. Let 6 : V4 ^ V2 he the normalization of the blow up of J"'. Finally, 
let V5 be the normalization of the graph of the birational map V4 V3. We will show 
that every element of N has a nonsingular center on V5. 

Suppose that A G N. 

Let Pi,P2,P3,P4,P5 be the respective centers of A on Vi, V2, V3,V4, V5. 
Suppose that pi ^ Fg. Then 

since a{G) C Fg implies p2 ^ G. If pi is a singular point of Vi, then A ^ N implies p4 
is a nonsingular point on V4. If pi is a nonsingular point of Vi, then Ovi,pi — C'v2,P2i 
so p4 is a nonsingular point on V4. Since V4 — > V3 is a morphism at p4 and p4 is a 
nonsingular point of V4 , we have that Oy^ — Oy^ p^ , and p^ is a nonsingular point 

Suppose that pi G is a nonsingular point of Vi . Then 7 is a morphism at the non- 
singular point p3, and 

OVi,Pi = Ov2,P2 C OVi,p3- 

Thus 0^5,^5 = Ov3,p3 ^'^'i -P5 is 8. nonsingular point of V5. 

Suppose that pi G Fs is a singular point of Vi. Then p2 ^ L C U2- Thus 0^3,^3 C 
Cv4,p4 and P4 is a nonsingular point on V4. It follows that Ov5,p5 — Ovi,pi and ps is 
a nonsingular point of V5 . 

□ 

Corollary 15.2. Suppose that K is a 3- dimensional algebraic function field over an 
algebraically closed field k. Let N be the set of all valuation rings of K which contain k 
and whose residue field is k. Suppose that {Vi , . . . , y„} are normal projective varieties 
with function field K such that each element of N dominates a nonsingular point on 
some Vi, with 1 < i < n. Then there exists a nonsingular projective variety W such 
that the function field of W is K . 

Proof. The proof is immediate from induction on the statement of Theorem ll5.ll □ 

16. Resolution of Singularities of 3-folds 

In this section we deduce resolution of singularities of a 3-fold from local uni- 
formization. We generalize to positive characteristic the patching argument of Zariski 
[Z4j . Our proof is a little simpler than Abhyankar's argument in [Ab7| . 

We first prove the existence of nonsingular models. 
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Theorem 16.1. Suppose that k is an algebraically closed field of characteristic 7^ 2, 3 
or 5, and K is a 3-dimensional algebraic function field over k. Then there exists a 
nonsingular projective variety W whose function field is K . 

Proof. Suppose that F is a valuation ring of K which contains k. We will first show 
that there exists a normal projective variety Wy whose function field is K, such that 
the center p oiV on Wy is a nonsingular (not necessarily closed) point of Wy- 

If the residue field of V is k, then this follows from Theorem 114.41 Suppose that 
the residue field of V strictly contains k, so that it is a transcendental extension. 
There exists a valuation ring V* of K which contains k, whose residue field is k, and 
such that 1^ is a localization of V* at a prime ideal (as follows from the construction 
of composite valuations on page 57 [Ab4| ) . By Theorem 114. 4|, there exists a normal 
projective variety Wy , with function field K, such that the center of V* on WV* is 
at a nonsingular point p*. Thus Owy',p' is a regular local ring. The center of V on 
Wv is thus a point p which is a nonsingular point of Wy , since the local ring of p 
is a localization of Ow^* ,p* ■ 

By quasi compactness of the Zariski Riemann manifold (Theorem 40, Section 17, 
Chapter VI [ZS^), there exists a finite set of normal projective varieties {Vi, . . . , Vn} 
with function field K, such that the center of every valuation ring of if is at a 
nonsingular point of some Vi. Now the existence of a nonsingular projective variety 
with function field K follows from CoroUarv 115.21 □ 

We now prove the existence of a resolution of singularities, but do not require it to 
be an isomorphism above the nonsingular locus of V. 

Theorem 16.2. Suppose that V is a projective variety of dimension 3 over an alge- 
braically closed field k of characteristic 7^ 2,3 or 5. Then there exists a nonsingular 
projective variety W and a birational morphism (j) : W —> V . 

Proof. By Theorem II 6. 1[ there exists a nonsingular projective variety W whose func- 
tion field is K. Let ^ : V ^ W he the birational map between V and W, induced 
by the equality of their function fields with K. Let r$ C V x^^W he the graph of $. 
Projection onto the second factor is a birational projective morphism 7r2 : r$ — *■ W. 
Thus TT2 is the blow up of a sheaf of ideals X on W. By Theorem 11.31 there exists a 
sequence of blow ups with non singular centers Wi W such that lOwi is invertible. 
Thus there is a projective birational morphism Wi —>■ V. □ 

17. A Stronger Resolution Theorem 

In this section we prove the main resolution theorem, Theorem ll.il Our argument 
is based on the proof of Cossart |Co4| of this extension. We require the following 
lemma. 

Lemma 17.1. Suppose that V is a projective variety over a field k, and C d V is 
a curve such that the generic point of C is contained in the nonsingular locus of V . 
Then there exists a sequence of blow ups of closed points 

(41) Vn ^ Vn-1 ^ ^Vi^V 

such that the strict transform Cn of C in Vn is contained in the nonsingular locus of 

Vn. 

Proof. By Corollary 4.4 [C2j . there exists a sequence of blow ups of points Vn ^ V 
such that the strict transform C„ of C in is nonsingular. We may thus assume 
that C is nonsingular from the outset. 
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Suppose that p is a point in the intersection of C and the singular locus of V . Let 
(42) ,Vn-^Vr,-i^ ,Vi-^V^^V 

be the sequence obtained by first blowing up p, then blowing up the point pi on the 
strict transform Ci of C above p, and then iterating this construction. 

We have a projective embedding of V into a projective space X over k. The 
sequence (H^ is obtained by constructing the corresponding sequence of blow ups of 
points 

• • • — > Xn — > Xn^i ■ ■ ■ ^ Xi Xq = X 

and taking the strict transform Vn of V in X„. 

Let Rn = Oxr,,Pr, for n > 0. We have a sequence of homomorphisms of local rings 

R — i?o — > i?i — > • • • — > i?„ — y ■ ■ ■ 

Let 

nin be the maximal ideal of i?„ for n > 0. 

There exist s < d and regular parameters j/i, . . . , ys, . . . , in i? such that 

yi = ■ • • = yrf = 

are local equations of C in X , yi, . . . , €z I and the classes of yi, . . . , ?/s are an i?/m 
basis of //m^ n /. 

If yi, . . . ,ys do not generate /, then there exists / e / — {yi, . . . ,ys) such that 
f ^ Iq. This can be seen as follows. Since the generic point of C is in the nonsingular 
locus of V, there exists a basis yi, . . . ,ys,hi, . . . ,hi of IRi^ which extends to a regular 
system of parameters of i?/^ . Thus 

d 

/»! = ^ KVi 

1=1 

with \i € Rj^ and Xi is a unit in i?/^ for some i, with s + I < i < d. Without loss of 
generality, i — d. For 1 < i < d, express 

\ fi 

■^i — — 

9i 

with /j, .g^ e R and ^ Jc- We have fd^ Ic- 

d d 

(11 9j)hi = E /^(Ilffj)?^' ^ ^^^c n i? = /. 

j = l 2 = 1 j=ii 

Thus 

i=i 

There are regular parameters x, yi{n), . . . , yd{n) in i?„ defined by j/i = yi(n)x"' for 
1 < i < d. We have that Ic^ = (yi(l), • • ■ , yd{n)). Observe that the residue field of 
Rn is the residue field of R for all n > 0. 

We have an expansion of / in i?, 

d 

f^^ai{x)yi+ ^ a,^,...,^Ax)yl ■■■yi- 

i=l ii4 hid>2 

Let rui = ord ai{x) for 1 < i < d, with the convention that = oo if = 0. 
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After subtracting an appropriate element of (jji, . . . , ys) from /, and possibly per- 
muting Us+i, ■ ■ ■ ,yd, we may assume that 

rud = min{mi, . . . , nid}. 

For n > rrid, we have an expression 



for some ft e _R„. Let K be the quotient field of R. Then 

f 

is in the prime ideal /„, as a; = is a local equation of the exceptional divisor of 
Xn Xn-i, and x is thus not in /„. 

/ 

y,{n),...,ys{n),-^^ ein 

extend to a regular system of parameters in i?„. Iterating this procedure, we achieve 
that for large n, /„ is generated by part of a regular system of parameters in i?„. 
Thus Pn is in the nonsingular locus of . 

We repeat this procedure for each of the finitely many points of C which are in 
the singular locus of V, to construct a sequence (|411) satisfying the conclusions of the 
lemma. 

□ 



We now prove the main resolution theorem, Theorem 11.1 



By Theorem 116. 2[ there exists a projective, birational morphism ^ : W ^ V such 
that W is nonsingular. Let U C V he the open subset consisting of the nonsingular 
points of V. Let G be the Zariski closure in V of the fundamental locus of the 
birational map <i>^^ : U W. <& is the blow up of an ideal sheaf I of V. 

By Lemma 117. 1[ there exists a sequence of blow ups of points, after which we 
perform a normalization, (3 : Vi ^ V such that (3 is an isomorphism above U , and 
the strict transforms of all curves of G in Vi are contained in the nonsingular locus 
of Vi. (3 is the blow up of an ideal sheaf J oiV . 

By Theorem ll.3l applied to the ideal sheaf J O-w ,X\m:G exists a sequence of blow ups 
of points and nonsingular curves 7 : W\ — > W such that JOw^ is locally principal, so 
that W\ is nonsingular, \1/ : W\ ^ is a morphism, and W\ — > is an isomorphism 
above $"^(C/). 

Let Ci , . . . , Cr be the curves in Vx which are in the fundamental locus of the 
birational map ^^^^ : V\ Wi, are disjoint from /3^^{U), and intersect the strict 
transform on Vi of a curve of G. (3 maps each Gi into the singular locus of V . Since 
each Gi intersects the nonsingular locus of Vi , by the Zariski - Abhyankar factorization 
theorem [Ab3j , Wi — > Vi factors as a sequence of blow ups of nonsingular curves above 
Vi in a neighborhood of the generic point of each Gi. 

We now construct a birational morphism V2 Vi by blowing up a sequence of 
points on the intersection points of the strict transform of the Gi and the strict 
transform of a curve in G, so that the strict transforms of the Gi are disjoint from 
the strict transforms of the curves in G. 

We may now construct a sequence of blow ups of curves (which may possibly be 
singular) V3 V2 which dominate the Gi, so that the birational map Wi — > V3 is 
an isomorphism above the generic points of each Gi. We may replace V3 with its 
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normalization. Since the d contract to the singular locus of V , 6 : V3 V is an 
isomorphism over the nonsingular locus of V^. V3 — > Vi is the blow up of an ideal 
sheaf K. oiVi. By Theorem II .31 applied to the ideal sheaf K-Owi , we may construct a 
birational morphism W2 — > Wi such that ICOw2 is locally principal, W2 is nonsingular, 
and W2 — > Wi is an isomorphism over the complement of a finite number of points of 
the Ci in Vi . The induced morphism a : W2 — ^ V3 is the blow up of an ideal sheaf C 

of ^3- 

Let G3 be the fundamental locus of the birational map a'^ : V3 W2, and let 
H be the union of connected components of G3 containing the strict transform of G 
on V3. Let H' = G3 — H . By our construction, H O H' = (li, H is contained in the 
nonsingular locus of V3, and 5{H') is contained in the singular locus of V . Thus there 
exists a Zariski open subset U* of V3 such that U* is contained in the nonsingular 
locus of V3, 5~^{U) C [/*, (5 is an isomorphism above U , and the intersection of U* 
and the fundamental locus of is H . 

Since V3 is normal, there exists an effective Weil divisor D on V3 and an ideal sheaf 
A4 on V3 such that the support of Ov-j/M is contained in G3, and C = Oy-j {—D)r)A4. 
Since H H' = (I), M ^ Mi n M2 where Oy^ is supported on H' and OV3/M2 is 
supported on H. 

Let Ci = Ov^-D) r\Mi. Then Ci\U* is a Cartier divisor, and Ci\{Vz - H) ^ 

cm-H). 

Let V4 —f V3 be the blow up of Ci. By our construction, V4 — > V3 is an isomorphism 
above points of (U) , so that V4 ^ y is an isomorphism above the nonsingular locus 
of V. Since the birational map V4 W3 is an isomorphism above the complement of 
H in V3, V4 is nonsingular. Thus V4 ^ V is a resolution as desired. 
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